Geometric Whittaker models and Eisenstein series for SL2 

Sergey Lysenko 

Abstract Let X be a smooth projective curve over an algebraically closed field of charac- 
teristic > 2. Let BuiiG be the stack of raetaplectic bundles on X of rank 2 from 1^141- In this 
paper we study the derived category D_(BunG') of genuine ^-adic sheaves in the framework of 
the quantum geometric Langlands. We describe the corresponding Whittaker category, de- 
velop the theory of geometric Eisenstein series and calculate the most non-degenerate Fourier 
coefficients of these Eisenstein series. The existing constructions of automorphic sheaves for 
GL„ are based on using Whittaker sheaves. Our calculations lead to a conjectural character- 
ization of the Whittaker sheaf for SL2, though its existence is not clear. We also formulate 
a precise conjectural relatioii^between the quantum Langlands functors and the theta-lifting 
functors for the dual pair (SL2,PGL2). 

0. Introduction 

0.1 Let X be a smooth projective curve over a finite field k = ¥q with q odd. Let Q be the 
canonical line bundle on X and G = SL(C'x © a group scheme over X. Let F = k{X), A 
the adeles of F, and O C A the entire adeles. Let G(A) be the metaplectic extension of G(A) 
by {±1}. Write Bunc for the moduli stack of G-torsors on X. 

The nonramified Langlands program for G{A) is the problem of analyzing the space of 
genuine functions in L'^(G{F)\G{A)/G{0)) as a module over the global Hecke algebra. In [14] 
we proposed a geometrization of this problem. We introduced a /i2-gerb Bunc over Bung and a 
category D_(BunG), which is a geometric analog of the above space, it is acted on by the tensor 
category Rep(SL2) of Hecke functors at each point of X. 

This paper arose as a trial to answer the following question. Can one construct automorphic 
sheaves in D_(BunG') in a way similar to the case of GL2 via the Whittaker models? One could 
rather use the geometric theta-lifting functors from PGL2 to G, but the sheaves obtained by 
theta-lifting are expected to be irreducible perverse sheaves tensored by some vector spaces (see 
Conjecture m in Section 4.4). Since it is not easy to get rid of these vector space factors, the 
above question looks natural. 

We first describe the Whittaker category for G proving ([9J, Conjecture 0.4) in our particular 
case. Then we define and establish some basic properties of the geometric Eisenstein series for 
G. Our main result is a calculation of the most non-degenerate Whittaker coefficients of these 
Eisenstein series. This calculation is a geometric analog of a result of Maas of 1937. We 
show that these Whittaker coefficients are the central values of the standard L-function twisted 
by some quadratic characters. In particular, the first Whittaker coefficient of these Eisenstein 
series is not "one", but is given by the central value of the standard L-function. 
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Based on this calculation and some other results, we propose a conjectural description of 
sheaves 5^ that should play a role of Whittaker sheaves for G for a given SL2-local system E. 
They should provide a "square root" of the central value of the standard L- function for E twisted 
by quadratic characters. Let us also mention a question (posed to the author by Drinfeld) that 
could be important for the theory of motives: if E is of motivic origin, is this square root also 
of motivic origin? 

0.2 Notation Let k be an algebraically closed field of characteristic p > 2. All the stacks we 
consider are defined over k. Let X be a smooth projective connected curve. Write for the 
canonical line bundle on X. Write Bun^ for the stack of rank m vector bundles on X. 

Fix a prime i ^ p. For a /c-stack S locally of finite type write 0(5") for the category 
introduced in ([13], Remark 3.21) and denoted Dc{S,Qi) in loc.cit. It should be thought of as 
the unbounded derived category of constructible Q^-sheaves on S. For * = +,—, 6 we have the 
full subcategory D*{S) C D(5) denoted Bl{S,Qi) in loc.cit. Write B*{S)^, C D*(5) for the full 
subcategory of objects which are extensions by zero from some open substack of finite type. 
Write D^{S) C 0(5") for the full subcategory of complexes K £ 0(5") such that for any open 
substack [/ C 5 of finite type we have K \u£ D~{U). Let P(S') C G{S) denote the category of 
perverse sheaves. Write D : D*(5) — ?> D''(5') for the Verdier duality functor. 

Fix a nontrivial character ip : ¥p ^ Q'^ and denote by the corresponding Artin-Shreier 
sheaf on A^. Since we are working over an algebraically closed field, we systematically ignore 
the Tate twists. For a morphism of stacks f : Y ^ Z we denote by dim. rel(/) the function of 
a connected component of Y given by dimC — dimC, where C is the connected component of 
Z containing /(C). 

If V ^ S and V* S are dual rank r vector bundles on S, we normalize the Fourier 
transform Four^ : D^{V) D^{V*) by Four^(K) = {pv*)\{CJ~-ip 'S>PyK)[r], where pv,Pv* are 
the projections, and ^ : y x ^ is the pairing. 

0.3 Main results 

0.3.1 Let n > 1. Let G = §p(Mn), where M„ = 0^ © with a natural symplectic form 
A^Mn — )• il, here G is a group scheme on X. We write G = Gn if we need to express the 
dependence on n. The stack Bun^ classifies M G Bun2ra equipped with a symplectic form 
A^M fi. Let A be the hue bundle on Bung whose fibre at M G Bunc is det Rr(X, M), it is 
Z/2Z-graded purely of degree zero. Let Bunc be defined as in [H]. The stack Bunc classifies 
M G Bunc, a Z/2Z-graded purely of degree zero 1-dimensional vector space B equipped with a 
Z/2Z-graded isomorphism ^ det Rr(X, M). 

Let e be the 2- automorphism of Bun^j acting on (M, B) so that it acts trivially on M, and 
as —1 on B. By P„(BunG') we denote the category of perverse sheaves on Bunc on which e acts 
as —1, let D_(BunG) denote the corresponding derived category. 

Let e be the 2- automorphism of Bun^ acting on (M, B) so that it acts trivially on B and 
as —1 on M. This makes sense, because —1 G Aut(M) acts trivially on detRr(X, M). Write 
D=(BunG') and D=p(BunG') for the full triangulated subcategory of D_(BunG') of objects on 
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which e acts as —1 and 1 respectively. The category D_(BunG) decomposes as a direct product 

B^imTuG)^ B^imTuG) x Dzf(b^g) 

and similarly for P_(BunG). This means that any K G D_(BunG') is of the form ® if+ with 
K- G D=(B^InG) and K+^B^{B^nG). Besides, Hom(K_,i^+) = Hom(i^+,K_) = 0, where 
Horn is calculated in D_(BunG). 

Write Rep(Sp2„) for the category of finite-dimensional representations of Sp2n over Q^. 
By [H], Rep(Sp2„) acts on D_(BunG') by Hecke functors, see Sections 1.3-1.4. The category 
Rep(§p2„) is Z/2Z-graded by the action of the center of §P2n- We check in Section 1.4.1 that 
the Hecke functors are compatible with these Z/2Z-gradings on Rep(Sp2„) and on D_(BunG'). 

Let H = S02n+i denote the split orthogonal group. The quantum Langlands conjecture 
from [21j in our case specializes to the following (we do not precise the finiteness conditions on 
the corresponding derived categories). 

Conjecture 1. There is an equivalence QL : D(Bun//)^ D_(BunG) commuting with the ac- 
tions of Rep(Sp2„) by Hecke functors. Under this equivalence the grading of D(Bun//) by the 
connected components of Jiunn corresponds to the grading o/D_(BunG') by the action of the 
2- automorphism e. 

Let P C G be the Siegel parabolic preserving 0". We fix an inclusion GL^ ^ P such that 
g G GL„ acts as g on and as ^g~^ on O^. In this way we identify GL„ with the Levi quotient 
of P. For n = 1 we also let B = P. 

In Section 4.1 we define the geometric Eisenstein series functor Eis : D(Bun„) — )• D_(BunG') 
for the parabolic P. As in [3], we check that Eis commutes with the Verdier duality (and maps 
pure complexes to pure ones). The quantum Langlands is expected to be compatible with the 
parabolic induction. For P this is expressed as follows. 

We need the geometric Eisenstein series functor EisQL^ : D(Bun„) — > D(Bunj^). Its definition 
from ([3], Section 2.3.2) does not apply litterally, as in [3] it is assumed that the derived group 
is simply-connected. The modification to be done is as follows. Let H = GSpin2„_|_i, let Lfj be 
the preimage of GL^ C S02ft-)-i in i?, then EIsq^^ is characterised by the commutative diagram 

D(Buni^) 
t 

D(Bun„) 

where the vertical arrows are the natural restriction functors. The definition of the Drinfeld com- 
pactifications (used to define the geometric Eisenstein series) for G with [G, G] not necessarily 
simply-connected will appear in |20j . 



" D(Bun5) 

t 

4'" D(Bun^^), 
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Conjecture 2. There is an automorphism 6 : Bun„ — )• Bun„ such that the diagram is 2- 
commutative 

D(Bun„) ^ B^{B^ig) 
t <5* t 

D(Bun„) 4" D(Bun/^) 

If n = 1 then d{B) = B tS> ^2^^^ for some square root rj-*^/^ of 17. 

Since /i2 C G is central, Bun^j ^-cts naturally on Bung-. In Section 5 we lift this action to an 
action on Bunc, it preserves each of the categories D=(BunG') and D=p(BunG'). We also describe 
an action of Bun^j on D(Bunj:/) that should correspond to the latter one via the equivalence of 
Conjecture [H 

0.3.2 For m odd in ([H], Section 7) we defined a morphism f : Bunc^ x Bunso„ Bunc^^. Let 
Aut denote the theta-sheaf on Bunc^ introduced in ([1^, Definition 1). We have the diagram 
of projections 

Bun/f 4 Bungr x Buuh 4 Bun^j 

Define the theta-lifting functors Fq ■ D^(Bun//)! D^(BunG) and Fh '■ D^(BunG')! — )• 
D^(Bunj^) by 

Fg{K) = p!(f* Aut(g)q*i^)[-dimBuni^ + dim.rel(f)] 

Fh{K) = q\{f* Aut(g)p*i^)[-dimBunG + dim.rel(f)] 

0.3.3 Let n = 1. In Section 1 we study the Whittaker category for SL2 in a way similar to 
[8]. We prove Lurie's Conjecture 0.4 from [9] in the particular case of SL2 (corresponding to 
G = SL2 and q a primitive 4-th root of unity in the notation of [9j ) . Namely, our Corollary [T] 
identifies the corresponding Whittaker category with Rep(SL2). We also prove that similarly to 
the case of a reductive group considered in [8j the objects of our Whittaker category are "clean" 
perverse sheaves (cf. Theorem [2]). 

Our description of the Whittaker category agrees with the uniqueness of the Whittaker 
functional for the representations of the metaplectic group obtained in [22]. We did not check 
the compatibility of our result with the Casselman-Shalika formula for SL2 from 

In Sections 2,3 we define the analog of Whittaker functors for SL2, similar to the Whittaker 
functors introduced by Gaitsgory in [10] for GL„. Let Qi be the stack classifying (M, B) G Bung, 
£ € Buni with an inclusion of coherent sheaves s : £ ^ Q ^ M. Let Q2,ex be the stack 
classifying a point of Qi as above together with a section S2 : ^"^ — > O. We define a full 
triangulated subcategory D^{Q2,ex) C D(Q2,ex) singled out by some equivariance condition. 
We think of D^(Q2, ex) a "family" of Whittaker categories from Section 1 indexed by pairs 
(5,52). The purpose of Section 3 is to prove Proposition [H which provides an equivalence 
Wex '■ ^{Qi)—> D^(Q2,ex) exact for the perverse t-structures. 

The stack Bun^ classifies £ G Buni and an exact sequence on X 
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Let Db ■ Buns — )■ Bunc be the map sending this sequence to (M, B), where B = det Rr(X, S(dQ) 
with the induced isomorphism B^^ detRr(X, M). Let Sb be the stack classifying £ € Buni 
and S2:S'^^Ox- Let 

Four^:D(BunB)^D(5B) (1) 

denote the Fourier transform. Over the open substack of Q2,ex given by the property that 
s:£'(X'il— T-Misa subbundle, the functor Wex is essentiahy given by ([T]). 

For d > let X^'^^ denote the d-th symmetric power of X, write ^^'^X^'^^ C X^'^^ for the open 
subscheme of reduced divisors. Write RCov"^ for the stack classifying £ € Buui, D G rssj^{d) 
and S2 ■ £'^^ Ox{—D). So, RCov'^ C Sb is an open substack. By abuse of notation, we write 
also e for the 2- automorphism of RCov"' acting as —1 on 

For a rank one local system V on X write AV for the automorphic local system on Buui 
corresponding to V (cf. Section 4.3.1). 

Let E be an SL2-local system on X assumed to be either irreducible or a direct sum of 
rank one local systems. Let Aut^; € D(Bun//) denote the Hecke eigensheaf corresponding to E 
and normalized by requiring that its first Whittaker coefficient is " one" . More precisely, for E 
irreducible, this is the perverse sheaf denoted Aut^; in [8j. For E = V (B V* , where V is a rank 
one local system on X, this is the geometric Eisenstein series iAV)n EisgL^(Ay[dimBuni]). 
Our purpose is to characterize the sheaf 

Four^(i>|j(5L(Auts)) \j^Q^^d [dim. rel(z>B) - dimRCov'^] (2) 

on RCov'^ for all d > 0, we think of it as a Whittaker sheaf for SL2 by analogy with the case of 
GL2. Note that ([2]) is Z/2Z- graded by the action of e. 

0.3.4 The kernel of the Eisenstein series functor Eis : D(Bun„) — ?> D_(BunG) is given by the 
perverse sheaf IC p^w on Buup introduced in Section 4.1.1. Assume n = 1. We also write 
Bun^ = Buup. In Section 4 we prove Theorem [3] that calculates the *-restrictions of ICb,w to 
the natural stratification of Bun^. This calculation adopts the method of [2] to the case of SL2. 
We first calculate the local analog lC{Wmax) of this perverse sheaf over the Zastava spaces 
in Proposition [5] and derive Theorem [3] as a consequence. 

In our particular case the Zastava space Z is a vector bundle over X(^). We also study 
the Fourier transform Four^ (IC( Wmax) of lC{Wmax) over the dual vector bundle denoted Z^. 
A new feature compared to [2], which probably does not happen for more general groups, is 
that Fom^{lC{Wmax)) is described by an "explicit formula" given in Proposititon[71 Namely, in 
Section 4.2.3 we introduce a vector bundle — X^^^ and a morphism vTy : ^ Z^ over 
We also define a group scheme G2 on X^^^ and a homomorphism ^2 : G2 — >■ ^2 in Section 4.2.5. 
We show that 7ry|IC(y^) is a perverse sheaf acted on by G2, and its (G2, C2)-isotypic direct 
summand is identified with Four^(IC(Wmai:))- 

Let now ^ be a rank one local system on X and E = V (BV* . By Conjecture [21 QL{AutE) 
should be identified with (AV)q3/2 (8" Eis(^y[dimBuni]). In Section 4.3 we prove Theorem [H 
which is our main result. It calculates the complex 

Svev* = {AV)^3/2 (8Four^i>|jEis(AF)[dim.rel(pB) + dimBuni -dimRCov'^] l^^^^d (3) 
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To spell the answer, we need more notation. For a point {£, S2) of RCov*^ view Ox (B £ as 
an Ojf-algebra with the product given by S2 and let Y = Spec(C'x © £)■ Then y is a smooth 
projective curve, the projection cp : Y ^ X is a degree 2 covering ramified exactly at D. Let 
£0 denote the /i2-antiinvariants in (l)\Qe. This way RCov'^ can be seen as the stack classifying 
D G rssxid) and a de gree two smooth covering cf) -.Y ^ X ramified exactly over D. 

Theor em d] claims that the fibre of ([3]) at {£, S2) G RCov'^ is the central value of the L-function 

®e>omx'^'\{v*^£of^m 

tensored by some 1-dimensional space A£ such that ^|^Q^. If V* (8" £0 is nontrivial then the 
latter is the exteriour algebra of H^(X, V* ^ £0). In particular, ([31) is a local system on RCov*^ 
for d > 0. The occurrence of quadratic L-functions in the Whittaker coefficients of Eisenstein 
series for SL2 was discovered in 1937 by Maas [18], our Theorem [His a geometric analog of his 
result. 

Note also that there is a large recent letterature on rapidly developping theory of Weyl group 
multiple Dirichlet series (see [H [6] or [5j for a survey) . Hopefully, our Theorem [J] is an example 
of a geometrization of such a Dirichlet series. 

We also discuss the conjectural functional equation for Eis in Remark [2l According to the 
functional equations for Eis and for EIsql^, for n = 1 we expect that 5 : Buni — t- Buni in 
Conjecture [2] sends L to L ® O"*^/^. 

Using Theorem[3|we determine some residues of Eis(yiy[dimBuni]) in Section 4.3.3. Namely, 
given {£^82) € RCov*^ let £q be the corresponding rank one and order two local system on X. 
Then Eis(^fo [dim Buni]) is unbounded, and it admits cj^ Aut as a residue. Here ag is the 
automorphism of Bunc defined in Section 5.1. 

In Section 4.3.4 we calculate the constant terms of Eis(i^) for K € D(Buni), the calculation 
is based on Theorem [3l 

0.3.5 For any local system V on X let CLy denote complex on RCov'^ whose fibre at S2) is 

Rr(x(^),(T/®^o)^^^)[^] 

Here £q is the /X2-antiinvariants in for the covering (p : Y ^ X given by (f,S2). The 

notation CL stands for central value of the L-function. For example, if V is irreducible and 
d > then CLy is a local system. 

Here is a conjectural characterization of ([2]) for any SL2-local system E on X. It is supported 
by Theorem [4] on one hand, and by the uniqueness of the Whittaker models for SL2 on the other 
hand. It is also consistent with the result of Waldspurger, who showed in |23j that the Whittaker 
coefficients of the cuspidal automorphic functions on SL2 are essentially square roots of quadratic 
twists of L-functions attached to cuspidal forms on GL2. Another calculation of the square of 
this Whittaker coefficient in the classical setting is given in [19j . 

Conjecture 3. For any SL2 -/oca/ system E on X and any d > there is a complex 5^ G 
D(RCov'^) equipped with an isomorphism 
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Besides, 5^ [dim RCov'^] is Verdier self-dual. The complex ^ identifies canonically with 5^. 

For E = V (BV* Conjecture [3] is true and follows from Theorem SI 

Remark 1. Of course, we also expect that 5^ well depends on E. In the D-modules setting 
assuming k algebraically closed of characteristic zero, one has the stack LSsl2 of SL2-local 
systems on X, and 5^ should naturally form a complex on RCov'^ xLS'sl2 as E varies. 

In Section 4.4 we also propose Conjecture H] giving a relation between the functor QL and 
the theta-lifting functors Fq,Fh- To the difference from QL, neither Fq nor F}j is expected to 
be an equivalence. 

We conjecture also that if S is a rank one local system on X with i?^ nontrivial then the con- 
tribution of each connected component of Buni to Eis(yl£'[dimBuni]) is an irreducible perverse 
sheaf. We prove a part of this claim in Appendix A. Here we observe the following important 
phenomenon. In the situation of the quantum geometric Langlands the Hecke eigensheaves, 
which are irreducible perverse sheaves, can not be normalized by requiring that their first Whit- 
taker coefficient is "one". Finally, we discuss the conjectural functor QL in the case of genus 
zero in Section A. 2. 

1. Whittaker category for SL2 

1.1 In Section 1 we assume n = 1 everywhere (except Sections 1.3 and 1.4.1, where n > 1 can 
be arbitrary). 

Fix an effective divisor D > and a line bundle £ on X equipped with E"^^ 0{—D). Let 
C G be the parabolic subgroup scheme over X preserving Vt. Let N <Z B he the unipotent 
radical, so N^Vt. 

Let R denote the group scheme n[—D) on X. Then Bun/j is the stack classifying exact 
sequences Q ^ £ (^Q. ^ M ^ £~^ ^ on X. This is a twisted version of Bun^r. 

Let Bun^j be the stack classifying M £ Bunc and s : £" (8> M an inclusion of coherent 
sheaves. Let 

Bun^ = Bun/j XBuno Bunc and Bun^ = Bun^ Xbuiig Bunc 

Fix X G X. Let also x,oo Bun/j be the stack classifying M G Bunc and a section s : (8" ^ 
M{oox). This is an ind-algebraic stack. Let also 

x,oo Bun^ = x,oo Bun/j Xbuhg Bun^ 

The canonical inclusion R ^ 0, yields a morphism of extension of scalars Bun/j — > Bun^. 
Let evfi : Bun^ — > be the map sending an exact sequence — )• $7 ^? — >■ Ox — )• to 
the corresponding element of H^(X, Jl) = k. Let C = eu^iZ^. We will define the category 
P'^U.ooBun^) and its derived version D^(a;^ooBun^) following the pattern of ([T5], Section 2.2.3). 
As in Section 0.3.1, requiring that e € 1^2 acts as —1, we will further get the categories 

P-(x,ooBun^) C D_(^.,ooBun^) 
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1.2 Definition of Whittaker category We need the following version of the relative determinant. 
Given vector bundles M, M' on X, an effective divisor Di on X and an isomorphism 

r : M jx-Di ^M' 

one defines a Z/2Z-graded line det(M : M') as follows. For any lower modification V C MCiM' 
over Di, set 

det(M : M') = det H°(X, M/T/) ® det H°(X, M'/T/)-^ 
Then r yields a Z/2Z-graded isomorphism 

det Rr(X, M') ^ det Rr(X, M) det(M' : M) (4) 

For each d > let (^jj^ be the stack classifying Di G X^'^\ iM,s) € a;^oo Bun/j such that 
X ^ Di, and the inclusion s : £ ^ M{oox) is a subbundle in a neighbourhood of Di. For a 
point of (-^)3^ over the formal neighbourhood of Di one gets an exact sequence 

0-^£(^n^ M ->£-^ (5) 

It can be seen as an i?-torsor Tji over a formal neighbourhood Xij-^ of iDi in X. Set also 

= {d)y XBunc BUUG. 

Let (d)'Ky be the stack classifying: Di € X*^'^), (M, s) € a;,ooBun^, {M',s') G 2;^ooBunj:j, an 
isomorphism r : M |x-Di M' \x-D\ of G-torsors such that the diagram commutes 

£ (^Q. A M{oox) 

\ s' i r (6) 

M'(oox) [x-Di, 

it is required that (Di, M, s), {Di,M', s') € The diagram ([6]) yields a Z/2Z-graded isomor- 
phism det(M : M')^k, and in turn ^ yields an isomorphism 

det Rr(X, M) ^ det Rr(X, M') (7) 

for a point of (d)?^3^. 

Let (^d)'^y be the stack over (^d)T^y classifying the same data together with one-dimensional 
vector space B equipped with isomorphisms a : B"^ ^ det RT{X, M) and a' : B'^ ^ det Rr(X, M') 
compatible with ([7|). 

We get a diagram 

{d)y ^ {d)'Hy (d)3^) 

where (resp., h^) sends the above point to {Di, M, s, B) (resp., to {Di, M' , s' , B)). In this 

way {^d)'^y is naturally a groupoid over (rf)i'- 

Let ev-^^y : (^d)^y ~^ Bun^ be the following map. Write Fr and F'^ for the i?-torsors 
over Xd^ associated to (-Di,M, s) and (Di,M',s') as above. The isomorphism r yields an 
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isomorphism T'^ over the punched formal neighbourhood X^,^ = Xr,^ — Di. Let be 

the ii-torsor over X£)^ such that the sum of J-r with is canonically identified with J^^, so 
F]^ is triviahzed over X^^. We also denote by J^^ the i?-torsor on X obtained by gluing F]^ 
with the trivial i?-torsor F^ over X — Di via the above trivialization. Finally, evy^y sends the 
above point of {^d)'^y to the extension of scalars of F^ via Q.. 

Denote by ev^y the composition (^d)T~^y ~^ {d)'Hy Bun^. Set = pro/it^, = 
pro/i^, where pr : (^^-^y — )• ^.^oo Bun^ is the projection forgetting Di. We will use the fact that 
evy^y is a homomorphism of groupoids, that is, it sends the composition of arrows to the sum 
of the corresponding 0-torsors in Bun^. 

Given d > 1, as in [11], a generic Hecke correspondence over is a stack locally of finite 
type Y equipped with a morphism q : y — > (^d)'^y such that in the diagram 



a;_ooBun^ ^ Y ^ 2,,ooBunj=, 

II 4- " I 

~ 

a.,ooBun^ ^ ^d)'Hy ^.^ooBunjij 



the maps hy, hy are smooth. For such correspondence we let hy = o a and hy = o a. 

The generic Hecke correspondence is called trivial if it is equipped with a decomposition of 
a as y ^ (^d)y {d)T~Ly^ where the second map is the diagonal. A morphism of generic Hecke 
correspondences over is a morphism /? : Yi ^ 12 such that the diagram commutes 

\ i 



A perverse sheaf K 

x^oo Bun^ is called generic Hecke jC-eQuivdriant for d if for each generic 
Hecke correspondence a :Y ^ {d)'^y over X^'^\ K is equipped with an isomorphism 

ly : h^*K ^ {h^*K) ® a* ev^yC 

satisfying the following conditions. First, for any morphism (5 : Yi ^ Y2 of generic Hecke 
correspondences over , it is required that 

% =/3*(/y,) 

Second, consider a stack locally of finite type Y , and for i G 'L/'i'L, generic Hecke correspondences 
Yi, and morphisms Pi -.Y ^Yi such that the compositions hy o hy o /3j are smooth, and the 
diagram commutes 

Y y.+i 

hp 

Yi -4 ^d)y 
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Then it is required that the isomorphism 

be the identity. For the trivial generic Hecke correspondence it is required that ly be the identity 
morphism. 

Say that K on x,oo Bun^ is generic Hecke C-equivariant if it is generic Hecke >C-equivariant for 
each d > 1, and satisfies the factorization property. That is, for a divisor Di, which is a disjoint 
union of D2 and D^, the isomorphism ly is the product of the corresponding isomorphisms for 
D2 and -D3. This makes sense as the groupoids i^d)T^y satisfy this factorization property. The 
generic Hecke ^C-equivariant structure on K is determined by the isomorphisms ly for d = 1. 

The category P^(a;^ooBun^) is defined as the category of generic Hecke £-equivariant sheaves. 
Let P^(x,ooBun^) be its full subcategory of perverse sheaves on which e acts as —1. Since the 
group scheme R is unipotent, the natural functor P^(a;,ooBun^) P(2^ ooBun^) is fully faithful. 

1.3 Genuine spherical sheaves In Sections 1.3 and 1.4.1 we assume n > 1. Write Gtg,x for the 
ind-scheme classifying M € Bunc together with a trivialization M^Mq \x-x- Let C be the 
line bundle on Grcx with fibre det(Mo,a; : Mx) as in [U]. Let G^c^x denote the //2-gerb of square 
roots of C. In ([H], Section 8.1) we considered the category Sph(GrG^3;) of G(02;)-equivariant 
perverse sheaves on Gt:g,x on which e acts as —1 called genuine spherical sheaves. 

Remind the tensor category Sph(GrG'_i;)'' introduced in ([14J, Definition 6). Remind that first 
one equips Sph(GrG'^j:) with a convolution product, associativity constraint and a commutativity 
constraint (via fusion product) as in ([H], Section 8.3). Then one introduces a new Z/2Z-grading 
on Sph(GrG'_3;), namely, an irreducible object K G Sph(GrG^a;) is even (resp., odd) if it appears 
as a direct summand in an even (resp., odd) tensor power of Aa- Here a is the highest weight 
of the standard representation of the Langlands dual group G = S02„_|_i. For each dominant 
coweight A of G, A\ G Sph(GrG_^) is defined on (p. 438, Section 8.1). 

One then defines Sph(GrG,a;)'' as the category of even objects in Sph(GrG^a;) Vect*^, where 
Sph(GrG^i.) is considered with this new Z/2Z-grading. By ([14J, Theorem 3), one has a canonical 
equivalence of tensor categories 

Sph(GrG,x)^^Rep(Sp2j 

1.4.1 Hecke functors Let xT^G be the Hecke stack classifying G-torsors Tg^^'q and an isomor- 
phism /? : Tg-^^'g \x-x- We have the diagram 

BuuG A xT-Lg ^ BuuG, 

where p (resp., p') sends the above point to Tg (resp., Tq). Let xT~{-g be the stack obtained from 

Bunc X Bunc by the base change xT~1-g ^ Bunc x Bun^. Denote by p,p' the corresponding 
projections 

BuuG ^ xT-Lg ^ BuuG 
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The stack xT~iG classifies {M, B), {M' , B') S Bunc together with an isomorphism of G-torsors 

Denote by Bunc^^ the stack classifying on X together with a trivialization u : To — > J^q \dx > 
here is the formal neighbourhood of x. Set Bunc^^^ = Bunc Xbuiig Bun^j^a;. 

Denote by 7 (resp., by 7') the isomorphism Bun^^^ >^g{Ox) Gicg,x x^g such that the pro- 
jection to the first term corresponds to p (resp., to p'). One has a canonical isomorphism 

-l'*p*A^AMC-^ (8) 
This yields a G(Oi.)-torsor Bun^^^^ xGig,x x'Hg extending the G(Ox.)-torsor 

7' 

Bimcx X GiG,x Buncx XciO^) Gig,x xTic 
We get the cartesian square 

Bun^x 'xGtg,x ^ Bun^x 

1^1 (9) 

xHg ^ BuUG 

So, for S € Sph(GrG'^2;), T G D(BunG') we can form their twisted exteriour product {T^Sy € 

D(x^g) for the above torsor. The Hecke functor : Sph(GrG',x) x D(BunG') — )• D(BunG) is 
given by 

R-^{S,T)=pi{{TMSY) 

This is a right action, that is, H^(52, H^(5i, T)) ^H^(5i * S2,T), where * denotes the con- 
volution. 

Lemma 1. The functor H^(^q, •) sends il^{Aa, •) : D=(BunG') — > D^(BunG) and H^(^q, •) : 
D^(B;inG) ^D=(B^:nG). 

Proof Let xT~1-q be the substack of x'Hg given by the property that Tg and T'q are in the position 
a at X. Let x'Hq = x'Hq x x'Hg x'Hg- In ([H], Lemma 14) we constructed the isomorphisms 

(Bunc XBuno x^g) X B{lS2), 

where we used p : T-Lfj Bunc (resp., p' : T-ifj Bunc) in the fibred product, and the 
projection to the fist term corresponds to p (resp., to p'). For K G D(BunG') by definition, 

Yl-^{Aa:K) = p0* K n*W)[2n + I] 

Remind that k followed by the projection onto B[n2) sends a point of xT~Lq to Bq, where 

B' = B(^{{M + M')/M'y ® Bq 
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Let T be the 2-automorphism of xT~1-g acting as —1 on M, M', and as 1 on B' . The image of 
r under both p and p' is e. Assume that e acts on K G D(BunG') as a G {1, —1}- Since r acts 
on K*W as —1, we see that r acts on p'*K (g) k*W as —a. So, e acts on H~^(^q, iiT) as —a. □ 

1.4.2 Assume n = 1 again. Let Z = x'Hg 

Xg" — x,oo Bunjij, where we used p' to define the fibre 
product. Let p'^ : Z ^ x,oo Bun^ be the second projection. The stack Z classifies collections: 
{M,B),{M',B') G Bunc, an isomorphism of G-torsors (3 : M^M' \x-x, and s' : £ n ^ 
M'(oox). 

Let pz ■ Z ^ 2:,oo Bun^ be the map sending the above point to {M,B,s), where s is the 
composition 

£(^n^ M'{oox) ^-^ M(oox) 
We get the diagram, where both squares are cartesian 

Bun^ A Z A a;,ooBun^ 

■I' 4' 

BuuG t- xiia ^ Bunc 
Let a;^ooBun^^ = ^^^ooBun^^ Xbuiiq ^u^g,x- As for Q, we get the cartesian square 

x,oo Bun^ ^ X Gtg,x ^ x,oo Bun^^ ^ 

Z A x,oo Bun^, 

where vertical arrows are G(C'^)-torsors. For T € D(2:^ooBun^), S £ Sph(GrG^^) we denote by 
{T^Sy € D(Z) the corresponding twisted exteriour product. We define 

: Sph(GrG,x) x D(^,ooBun^) D(^,ooBun^) 

by R-^{S,T)=pzi{{TMSr). 

As in Section 1.2, we can define the category P^(Z'), and if T G P^(a.^ooBun^), S G 

Sph(GrG'^2.) then (T^Sy G P^{Z) naturally. So, the complex H^(5,T) inherits the generic 
Hecke >C-equivariant structure, each perverse cohomology sheaf of H"'' (5, T) lies in P'^(i.^ooBun^). 

1.5 Objects of the Whittaker category Let A denote the coweight lattice of G, let A be the weight 
lattice of G. Remind that a denotes the unique coroot, let a be the corresponding root. As in 
|14j . let uJi denote the highest weight of the standard representation of G. Let A+ denote the 
set of dominant coweights. 

For A G A let x,x Bun/j C ^.^oo Bun^j be the closed substack given by the property that 

s : £ M{{X,u;i)x) (10) 
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is regular. Let x,\ Bunij C x,\ Bunj^ be the open substack given by the property that ([TO]) is a 
subbundle over the whole of X. Let the stacks 



a;,A Bunj^ C Bun^ (11) 
be obtained by the base change Bung- — > Bunfj. A point of x,x Bun^ yields an exact sequence 

^ £■ 8) J1(-(A,lDi)x) ^ M ^ £'"^((A,wi)x) ^ 0, (12) 
hence a section ix : x,\ Bun/j x,x Bun^ of the //2-gerb x,x Bun^ x,\ Bun^j given by 

B = det Rr(X, £ O J^(-(A, ^^1)2;)) 

together with the isomorphism detRr(X, M) given by (fT2]) . 

If D + 2(A,a;i)x > then we get a canonical inclusion (g) Q,{—2{X,Lbi)x) ^ 0, let e?;a;^A : 
x^x Buur — >■ Bunn be the corresponding push-forward map. 

The section ix yields an isomorphism x,x Bun/j xB{fi2)—^x,x Bun^, so we get the local system 
{ev^ -^C) MW on ^.^^Bun^. We denote by W the nontrivial rank one local system on B{^2) 
corresponding to the inclusion /i2 ^ Under the condition D + 2(A,iI'i)x > we denote 
by the intermediate extension of (eu* ^^C) Kl [dim(2.^ABun/j)] under (fTT]l . By construction, 

G P^(x,ooB^[J^j^). 

We define also B^'' and B'^'* by replacing in the definition of B^ the intermediate extension 
by the extension by zero and *-extension respectively. By ([8], Proposition 3.3.1) the open 
immersion (fTT]l is affine, so B^' and B^^* are perverse sheaves lying in P^(a;^ooBun^). If A = 
then a;^oBunR = Bun/j and D + 2(A,iI;i)x > 0, so B^ G P^(a;^ooBun^). 

1.6 From now on for simplicity we assume that D is a reduced divisor (without multiplicities). 
This readily implies that B^ is the extension by zero under Bun^ M> Bun^. For G A the 
condition D + 2{h,ijJi) > is equivalent to ^ € A+. Moreover, from the generic /3-equivariance 
we see that if some B^ has a nonzero *-fibre at some point of x,oo Bun^ then this point lies 
in x,x Bun^ for some A G A"*" with A < /i. One also checks that each irreducible object of 
P^(z,ooBun^) is identifed with B^ for some fx € A+. 

Theorem 1. For each A € A+ one has H'^ {Ax, B^)^ B^ canonically. 

Let A € A+. Let Z-'^ be the stack classifying (f (g) A- M') G Bun^, a modification M 
of M' at X such that M is in the position < A with respect to M' at x (we denote by j3 : 
M^M' \x-x the corresponding isomorphism), lines B, B' equipped with B'^^ detRr(X,M) 
and B'^ ^ det Rr(X, M'). The perverse sheaf (0*^ Kl AxY is the extension by zero under Z-'^ ^ 
Z. The map pz restricts to a morphism 

tta : Z-^ ^^aBuu^ 

sending the above collection to s : <S (g) ^ M((A,a'i)x), B together with B"^^ detRr(X, M). 
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We adopt the argument of ([^, Theorem 4) for our situation. By decomposition theorem, 
{Ax, B^) is a direct sum of its perverse cohomology sheaves, and each of its perverse coho- 

mology sheaves hes in P^(a. ooBun^). 

For u G A+ let K'^ denote the *-restriction of itx\{{B'^ MAxY) to the stratum a;_j^Bun^. It 

suffices to prove the fohowing. 

Lemma 2. 1) For each < < A the complex lies in perverse degrees < 0. 

2) The 0-th perverse cohomology sheaf of K'^ vanishes unless u = \, and in the latter case it is 

canonically isomorphic to B'^. 

For < < A let Z""^^^ = 7r^^(^,j,Bun^). For G A+ with // < A let Z^'^^ C Z"^^^ be the 
locally closed substack given by the property that M is in the position ^ with respect to M' at 
X. Denote by K^'^^ the !-direct image under 

^A:Z^'''^x,z.Bun^ (13) 

of the *-restriction of {B^MAxY- Lemma[2]is reduced to the following. 

Lemma ^. 1) The complex K'^'^ lives in perverse degrees < 0, and the inequality is strict unless 
H = u = \. 

2) the 0-th perverse cohomology sheaf of K^''^ is canonically isomorphic to B^ . 

Proof The inclusion Z'^''^ C Z-'^ is open. The map -kx '■ Z'^'^ — )• Bun^ is a ;U2-gerb, and the 
perverse sheaf {B^MAxY is constant along this gerb. This yields the isomorphism K^''^^ B^ . 
Note that Z^'^^ is empty unless y < ^. li ^ = v then ()13p is a trivial ^2-gerb. If < ^ then 
is a fibration, whose fibre is a trivial /X2-gerb over 

p^{t.-u,u>^)-i ^ Q^c:^s-^ n Gr^ 

in the standard notation of ( [8] , Section 7) . Note that p = Coi, where p is the half sum of positive 
roots. 

The projection p'^ : Z'^'^ ^^^r makes Z'^'^ into a fibration over Bun^ with typical fibre 
B{p2) X (5''' n Gr'^). So, the *-restriction {B^MAxY U'^-'' is the twisted exteriour product 

B^MAx |B(/i2)x(5''nGrf) (14) 

for this projection. Since Ax |B(/i2)xGr'' lives in perverse degrees < and is a constant complex, 
it may have usual cohomology sheaves only in degrees < —{p,2p), and the inequality is strict 
unless fi = X. So, (fH|) is placed in usual degrees 

< — dim Bun/j — {p, 2p) , 

and the inequality is strict unless p = \. 

Since the dimension of the fibres of (jlSp is {p — i^, p) , the complex K'^'^^ is placed in usual 
degrees < — dimBun/j —{v, 2p), and the inequality is strict unless p = X. One checks that 

dim a; J, Bun/{ = degD + (i^, 2p) + 1 — g = dimBun/j 2p) 
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So, K'^'f^ is placed in perverse degrees < 0, and the inequality is strict unless /i = A. 

It remains to study the 0-th perverse cohomology of K'^''^ for v < X. Over Z'^''^ the *- 
restriction {B^^AxY Iz"^^ * shifted local system. This local system is always nontrivial. If 
X ^ D then according to ([8j, Proposition 7.1.7) the contribution of eu* to this local system 
is notnrivial, and our /i2-gerb could only contribute to this local system by tensoring it with 
another local system of rank one and order two. So, for v < \ the 0-th perverse cohomology 
of K'^''^ vanishes. If x € D then the contribution of ev* may be trivial (this is the case for 

1^ = and A = a, for example), in which case the *-restriction {B^MAxY |^i^,a is a nontrivial 
(shifted) local system of rank one and order 2 coming from the //2-gerb. We are done. □ 

Theorem [1] is proved. Now the arguments of ([8], Theorem 3(1) and 3(2)) apply without 
changes and prove the following. 

Theorem 2. 1) The category P^(x,oo^'^^fi) is semi-simple. For X,fi G one has Fixt^ (B^ , B^) = 
0, where Ext is calculated in the category P(a;.ooBun^) of all perverse sheaves. 
2) For any A G A"^ the natural maps 

^ ^ q\* 

are isomorphisms. 

Corollary 1. The functor H^(-, S°) : Rep(SL2) ^ P^(^,ooBm^^) is an equivalence. 

Since P^(a;^ooBun^) C P(3;,ooBun^) is a Serre subcategory (in the strong sense, that is, closed 
under taking the subquotients and extensions), one can define 

D^(a;,ooBun^) C D(j.,ooBun^) 

as the full subcategory whose all perverse cohomology sheaves lie in P^(3;^(X)Bun^). Similarly 
for D^(^^ooBun^), compare with ([10], Section 4). 

2. Whittaker categories in families 

2.1 We change the following notations compared to Section 1. We do not assume any more that 
L), £ and an isomorphism £^ ^ 0{—D) are given. These objects will have a new meaning in this 
section. 

Let Qi be the stack classifying (M, B) € Bunc £ G Buni equipped with a section s : £®Q. "-^ 
M. Let fQ : Qi ^ Bunc denote the projection forgetting <S, s. 

Let Q2,ex be the stack classifying a point of Qi as above together with a section S2 : ^ O. 
Let Q2 C Q2,ex be the open substack given by the property that S2 / 0. Let 'K2,ex,i '■ Q2,ex — ^ Qi 
be the projection forgetting S2- Let 7r2,i : Q2 — > Qi be its restriction to Q2. 

We will define Whittaker categories and Whittaker functors for Bunc in the style of (|10j. 
Sections 4, 5). Our first aim is to define a full triangulated subcategory D^{Q2,ex) C D{Q2,ex), 
which we think of as the family of Whittaker categories from Section 1. It will be given by the 
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condition that K € ^{Q2,ex) lies in D (Q2,e2;) if all its perverse cohomology sheaves lie in some 
Serre subcategory P^(Q2,ea:) C P(Q2)- (We mean here a Serre subcategory in the strong sense, 
that is, a strictly full subcategory closed under taking subquotients and taking extensions). 

We could define these categories repeating the definition of generic Hecke >C-equivariance 
from Section 1.2, but we will give a definition in the style of ([ID], Section 4). 

2.2 For any x G X let Qf C Qi be the open substack given by the property that s : £ ®VL ^ M 
is a subbundle in a neighbourhood of x. Over the formal neighbourhood Dx of x in X a point 
of Qf yields an exact sequence ([5]). We consider it as an i?-torsor Fr over Dx-, where now R 
denotes the group scheme S"^ on X. Let D% denote the punched formal neighbourhood of x. 
Let Hf be the stack classifying a collection (M, f , s) G Qf and an element 

aGHO(i?*,i?)/HO(D,.,i?) 

The element a gives rise to an i?-torsor J-"^ over X trivialized over X — x. Let J-"^ denote the 
i?-torsor over Dx obtained as the sum of Fr with F}^. We consider F'^ as an exact sequence 

£(^0.^ M' ^ 

over Dx equipped with an isomorphism of i?-torsors r : Fr^F'^ We also denote by M' 
the G-torsor on X obtained as the gluing of M' with M \x-x via r over D*. So, r yields an 
isomorphism of G-torsors 

r : Mx-x'^M' \x-x. 

hence also a Z/2Z-graded isomorphisms dl]) and ^ as in Section 1.2. Now ([7]) yields also a 'LjTL- 
graded isomorphism B'^^ detRr(X, M'). Let s' denote the composition £ ® Q. ^ M ^ M' 
then s' : £ ®VL ^ M' is regular over X. We get the diagram 

Qf t n Qf, (15) 

where h'^' (resp., h^) sends the above point to (M, B^ £, s) (resp., to (M', B, £, s')). In this way 
Tif is naturally a groupoid over Qf. 

For i > let ^Tif C Tif be the closed substack given by the property that 

a E £'^ (g)n{ix)/£'^ (S)n{Ox) 

Qf ex = 2i ^Si Q2,ex- Consider the stack Hf Xq^ Qf.exi where we used to define 
the fibred product. In the same way, Tif xqx Q|g^ is a groupoid over Qfg^, we denote the 
corresponding diagram by 

Q5 xo- Q? Q? 

Let et^Q : ?^f xqx Qf g^ — )• Bun^j be the following map. Applying S2 to a, one gets an element 

S2{a) e}i'^{D:,n)/}i'>{Dx,n) 
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Let J-h denote the Q-torsor on X obtained as the gluing of the trivial Q-torsors over and 
X — X via the gluing datum 52(0"). 

We can now define the full subcategory P^{Q2ex) ^ P(22,ex) as the one consisting of those 
perverse sheaves K on Q2,ex for which for any i > there is an isomorphism 

ih^yK^{h^yK®{ev''Qyc (le) 

over ^Tif x qx Q| whose restriction to the unit section is the identity map. For each i and K € 
P(Q2,ea;) there could be at most one such isomorphism. If it exists, this family of isomorphisms 
is automatically compatible. 
Since the projections 

are affine fibrations, P^(Q2 ex) is a Serre subcategory in PCQfex)- Define D^(Q|'g^) C D(Q2ex) 
as the full subcategory of complexes whose all perverse cohomology lie in ^^{0,% ex)- ([IQ]) 
Lemma 4.8) for each K G L)'^(Q|g^,) and i > over ^T-Lf Xqj Qf ex there is an isomorphism ([IB]) , 
whose restriction to the unit section is the identity map. 

2.3 If now X = xi,. . . ,Xm is a collection of pairwise distinct points on X, let Qf C Qi be the 
open substack given by requiring that s : £ Q ^ AI is a subbundle in a neighbourhood of 
each of Xi. In a similar way, one defines the Serre subcategory P^{Q2ex) *^ ^(Qf ex) and a full 
triangulated subcategory ^^{Q2ex) ^(Qfex)- 

2.4 For d > let '^Qi C Qi be the locally closed substack given by the property that there is 
Di G X^'^) such that s : £ ^ M is a subbudle. For a point of '^Qi we get an exact 
sequence on X 

^ £ ^n{Di) ^ M ^ £-^{-Di) ^0 (17) 

Let "^Qf = '^QiH Qf. Let '^Qf C '^Q2,ex denote the preimages of ''Qf C '^Qi in Q2,ex- 
The substack '^Qf ex 21 ex stable under the action of the groupoid Xq^ Qf g^,, so we can 
define the categories 

P^('Qf,ex) C B^i'Ql,,) 
as above. The analog of ([10], Lemma 4.11) holds, namely we get the following. 

Lemma 4. 1) The * and \ -restrictions map 0^(21 ex) D'^C^Qfex)- 

2) The * and l-direct images map D^C^Qf g^) to 0-^(21 g^). 

3) An object K G 0(21 ex) ^^^'^ ^^D'^(Q|g^) ijf its * -restriction (or, equivalently, its \ -restriction) 

lies to '^Q2ex ^^^^ ^^('^0-2 ex) f"''' ^^^^ d > 0. 

For a point of ''Qi the exact sequence (jl7p yields an isomorphism 

det Rr(X, M) ^ det Rr(X, £ (g) ^(Di))®^ 

So, "^Qi can be seen as the stack classifying: Di G X^'^\ £ G Buni, an exact sequence (fTTl) 
on X, a line Bq equipped with B^^k giving a point of B{^2)- For these data we let B = 
Bq (g) det Rr(X, £ (g) Q{Di)) equipped with the induced isomorphism B'^'^ det Rr(X, M). 
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The stack '^Sfex classifies the same data as for '^Qi such that x ^ Di together with a 
morphism S2 : i"^ — )• C Let 

"Qi. C ^Qf,,. (18) 

be the closed substack given by the property that S2 extends to a regular map f^(2Di) — )• O 
over X. Let 

be the map sending the above point to the push- forward of (fT7|) by S2- 

Let '^T'^ be the stack classifying £ € Buni, Di G (X -a;)^'^) with a section S2 : £'^{2Di) O, 
a line Bq equipped with B^^k. Let '^pr^ : '^Q-f^^ ~^ '^'P^ be the map sending the above point 
to {£,Di,S2,Bo). 

Lemma 5. 1) Any object o/D^C^Qfex) ^-^ extension by zero under US]) . 
2) The functor 

K ^ (V)*^«' C^e?;^)*£[dim.rel(V^)] 
is an equivalence of triangulated categories DC^V^)^ I-'^C^Qfex) exact for the perverse t-structures. 

As in (^lOj, Corollary 4.14) Lemma [5] implies the following. 

Corollary 2. Let x = xi, . . . ,Xm be a collection of pairwise distinct points of X and x be one 
of them. Then the restriction functor maps 0^(21 ez) -^^(Qfea;)- 

Finally, define P'~'{Q2,ex) C P{Q2,ex) as the full subcategory of those K G P(Q2,ex) such that 
for each finite collection x the restriction K |g| lies in P^(Q2ea:)- in [10], this is a Serre 
subcategory of P(Q2,ex)- We define 

D^(Q2,ex) C B{Q2,ex) 

as the full subcategory of complexes whose all perverse coliomologies lie in P^(Q2,ea;)* 

2.5 Note that Q2 C Q2. ex is stable under the action of our groupoids, so we similarly get the 
categories P^{Q2) C D^(Q2). The zero section si 2 : Qi ^ Q2 ez of 112 ex 1 is a closed substack 
stable under the action of our groupoids, so we have the ful subcategory P^(Qi) C P^(Q2,ea;)) 
whose objects are those of P^(Q2,ez) which are etxensions by zero under §1^2 • Similarly, we have 

D^(Ql) CD^(Q2,ex). 

3. Whittaker functors 
3.1 As in [To], we will construct a functor 

Wex ■■ D(Qi) ^ B^{Q2,ex) (19) 

satisfying the following. 
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Proposition 1. The functor Iil9\) is an equivalent identifying P(Qi) with P (Q2,ea)- The quasi- 
inverse functor is given hy K ^ {T^2,ex,i)\K . Moreover, for each K € D^(Q2,ez) the natural map 
{T^2,ex,i)\I^ — {T^2,ex,i)*K is an isomorphism. 

3.2 For each d > we have the subcategories P^('^Q2,ex) C P('^Q2,ea;) and D^('^Q2,ex) C 
D('^Q2,ea;) defined as above. As in [lOj . we first describe the functor Wex on strata. Namely, for 
d > we win define an equivalence of triangulated categories 

''Wex :DC^Qi)^D^(^Q2,e.) 

exact for the perverse t-structures. 

Remind that '^Q2,ex classifies £ G Buni, Di G X'^'^\ S2 ■ S"^ ^ O, a line Bq equipped with 
B'^^k, and an exact sequence pT|) . Let '^Q2ex ^^22,63; be the closed substack given by the 
property that S2 : — ?> O is regular over X. Let '^ev : '^©2 ex ~^ Buuq be the map sending 
the above point to the push- forward of pT|) by S2- 

Let "^V be the stack classifying £ G Buui, Di G X^"^) with S2 : £^{2Di) ^ O, a line 
Bo equipped with B'^'^k. Let "'pr : '^Qgex ^ be the map sending the above point to 
{£,Di,S2,Bo). 

Lemma 6. Any object of D^('^Q2^ex) is the extension by zero from '^Q2ex- The functor 

K ^ (V)*-^ {'^ evY C[<liiii. rel(V)] 
is an equivalence T){'^V)^ ^'~'{'^Q2,ex) exact for the perverse t-structures. 

Let '^V be the stack classifying £ G Buui, Di G X^'^\ a line Bq equipped with B^^k. 
Then '^Qi and '^V are naturally dual (generalized) vector bundles over '^V. Define '^Wex as the 
composition 

DC^Qi)^°A^'^DC^P)^D^C^Q2,ex), 

where Four^ is the Fourier transform, and the second functor is the equivalence of Lemma [H 

Let '^'K2,ex,i '■ '^Q2,ex ^ '^Qi be the restriction of 7^2,ex,i- The argument of ([IQ], Lemma 5.3) 
applies and gives the following. 

Lemma 7. The functor {'^'JT2,ex,i)l '■ ^^{'^Q2,ex) — ^ D(^Qi) is an equivalence quasi-inverse to 
'^Wex- Besides, for K G D^('^Q2,ex) the natural map {'^'K2,ex,i)\K -> {'^112, ex,i)*K is an isomor- 
phism. 

3.3 For X G X let us construct now the functor W^^ : D(Q'f) — )• ^^{Q2ex)- Remind the diagram 
(jl5p and the closed substack ^T-Lf C Tif from Section 2.2. Write also = ^"Hf, this is a vector 
bundle over Qf with fibre £'^ Q{ix)/£'^ Q. over (M, S, £, s). 

Let ^E' — > Qf denote the dual vector bundle, its fibre over {M,B,£,s) is £^'^ / £^'^{—ix) by 
Serre duality. We get a map fi : Qfex ^ sending S2 to its image under YL^{X,£-^) 
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£ /£ "^(—ix). Over the open substack U C Qf given by H^{X,£ ^{—ix)) = 0, the map fi is a 
closed immersion. Besides, for j > i we get a diagram 

\ fi i P^j,i 

where pr^- j is a natural projection. Let : ^ Qf denote the restriction of h^, the map 
is smooth. Let ^W^^ : D(Qf ) — ;> B{^E) denote the functor 

K ^ Four^C/ir^)*K[dim. relC/iI^)], 

it is exact for the perverse t-structures. From the standard properties of the Fourier transform, 
we get for j > i an isomorphism functorial in K € D(Qf) 

{pi^^,yw:^,{K)^'W^,{K) (20) 

Lemma 8. Let K G T){Qf) andi > 0. Over the open suh stack U C Qf given byIl^{X,£~'^{—ix)) ■ 
0, the complex ^W'^^{K) is the extension by zero under the closed immersion fi : Qf ex ~^ 

Proof For d > let '^'^E = ^E XQx'^Qf, where we used h'^ to define the fibred product, set also 

'^''E = 'E XQi/Qf 

It suffices to show that for any d > over U the *-restriction of '^W^^{K) to '^'^E is the extension 
by zero under /j : "'Qfex ~^ '^''^E. 

The stack '^Qf classifies: Di ^ {X — x)^''^ , £ € Buni, an exact sequence pT|) . and a line ;Bo 
equipped with Bq ^ /c. 

Let '^Z^ be the stack classifying: Di € (X — x)^'^'', £ € Buni, exact sequences (jl7p and 

0^£:oO(L>i) ^Mi ^f"^(-L>i) ^0 (21) 

over X, and a line ;So equipped with B^^k. The map /i^ : — > '^Qf can be written as the 
composition 

where 5 is defined as the sum of the extension ()17p with pip . The map 7 sends the above point 
of '^Qi together with ex € f ^ (8) fl{ix)/£'^ (Ei ^ to the same point of '^Qf together with the exact 
sequence (I2ip obtained from the natural map 



a : f ^ (g) n{2Di + ix)/£'^ (g) 1^(21)1) Bun£-2jg,j^(2Di) 
Over ZY, the map a is surjective. The dual morphism is the restriction 

a : R°{X,£'^{-2Di)) £-^/£~^{-ix) 
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Clearly, it factors through fi : Il^{X,£ —> £ "^/S "^{—ix). Since the Fourier transform 
exchanges the *-inverse image with the !-direct image, our assertion follows. □ 

Lemma [S] together with the isomorphisms (|2U|) yield the desired functor W^^. Over any 
substack of finite type V C Qf, the complex W^^{K) is defined as '^W^^{K) for i large enough 
depending on V. As in ([TO], Proposition 5.10), one proves the following. 

Lemma 9. The functor K ^ {T^2,ex,i)\K is quasi-inverse to : D(Qf ) D^lQf.ea;)- More- 
over, for any K G 0^(21 ex) natural map {T^2,ex,i)\K — )• {'n2,ex,i)*K is an isomorphism. 

3.4 One finishes the proof of Proposition [1] as in ([TO], Section 5.11). Namely, first one gets 
the functor Wex ■ P(Qi) ^ P^(Q2, ex) s£> the gluing of the functors W^x for all x ^ X using 
LemmalU This lemma also implies that {'K2,ex,i)\ is an equivalence P'^(Q2,ea;) P(Qi)- Finally, 
as in ([TO], Section 5.11), one shows that 

{^2,ex,l)\ : D^(Q2,e.-) ^ D(Qi) 

is also an equivalence. Proposition [1] is proved. 

4. Geometric Eisenstein series for SL2 

4.1.1 Keep the notations of Section 0.3.1. The stack Bunp classifies £ € Bun„ and an exact 
sequence 

^ Sym^ ^ ^? ^ f)-! ^ (22) 

The above sequence yields ^ £^ ® 17 — t- Af — t- if * ^ 0. Let lyp : Bunp Bun^ be the map 
sending (122]) to M. Set Buup = Bunp Xbuhg Buug. 

Let Bunp be the stack classifying £ G Bun„, M G Bunc and an inclusion s : £ ®^ ^ M ol 
coherent sheaves whose image is isotropic. This notation agrees with the partial compactification 
of Bunp from ([3], Section 1.3.6). So, Bunp C Bunp is the open substack given by requiring 
that £^ (g) Q is a subbundle. 

Set BuUp = Bunp Xbuhg Buug. Let jp : BuUp — > BuUp be the natural open immersion. 

Let e also denote the 2- automorphism of BuUp acting on (s, M, B) so that it acts trivially 
on (sjiSjM) and as —1 on B. Let D_(Bunp) C D(Bunp) be the full subcategory of objects on 
which e acts as —1. 

Let e be the 2- automorphism of BuUp acting on {s,£,M,B) so that it acts trivially on B 
and as -1 on (f,M). As in Section 0.3.1, one defines the categories D=(Bunp) and Di|i(Bunp), 
so 

D_(Bunp)^ D=(Bunp) x DzF(Bunp) 

The stack BuUp classifies £ G Bun^, an exact sequence ((22]) . and a line B equipped with 
B'^^ detRr(X, M). We have the isomorphism 

Bunp y.B{n2)^ BuUp 
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sending Bq equipped with B^^k and ([22]) to (f22]) with B = Bq^ det Rr(X, £" (g) fJ) equipped 
with the induced isomorphism B'^^ detRr(X, M). Remind that W denotes the local system 
on B{^2) corresponding to the nontrivial character ^2 Q|- Set 

ICp^vi/ = (jp)!*(IC(Bunp) K W) and ICp,i^! = (jp)!(IC(Bunp) K W) 

These are objects of D_(Bunp). Note that e acts on detRr(X,£' ® VL) as , So, they 

lie in D^(Bunp) over the connected components with x{£ ® ^) even and in D=(Bunp) over the 
connected components with ® odd. 

4.1.2 Consider the diagram 

Bun„ ^ B^Iup A B^IuG, (23) 

where q (resp., p) sends the above point to f G Bun„ (resp., to (M, B)). The map p is compatible 
with the 2-automorphisms e, e. Let q : Buup — ?> Bun„ be the restriction of q. 
We define the functor q'* : D(Bun„) D(Bunp) by 

q'* (i^T) = ICp, 11/ Og*(i^)[- dim Bun„] 

It takes values in D_(Bunp). Set also q'* = j*p o q'*. One easily adopts the proof of ([3], 
Theorem 5.1.5) to our case to get the following. 

Proposition 2. The complexes ICp^vF CLf^d ICp^iyi are ULA with respect to q : BuUp — )• Bun„. 

Proof We will give a proof for n = 1, the case of any n is left to a reader. Remind that a denotes 
the unique coroot of G. Let m > 251 — 1, let T-L^ be the stack classifying G-torsors M, M' on X, 
points xi, . . . , Xm G X'^— A together with an isomorphism of G-torsors r : M' \x-{xi,...,x,n} 
such that M' is in the position a with respect to M at each Xi, and a line B' equipped with 
B'^'^ detRr(X,M'). Here AC X™ is the divisor of diagonals. 
For a point of n}. denote M = MnM' then M'/M^Ox^+„ 

.-\-xm lion canonically, and there 

is a line bundle over T-Lq whose fibre at the above point is detH''(X, M/M). For a point of T-Cq 
we get a canonical Z/2Z- graded isomorphisms 

det(M : M')^ det H°(X, M/M) 

and B"^^ detRr(X,M), where B = B' ^ det H°(X, M/M). The latter isomorpism is induced 
by dH. We get a diagram of projections 

Buug ^ Tic Buug, 

where (resp., h~^) sends the above point to {M,B) (resp., to (M',S')). 

Set Z = T-Lq xg^^BuUp, where we used h~* to define the fibred product, let h'^ : Z — > Bun^ 
be the second projection. Write a point of Z as a collection (M, M' ,T,Xi, B) as above together 
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with a subsheaf s' : £' il. ^ M'. Let h'^ : Z — ^ Bun^ be the map sending the above point to 
(M, B, £, s), where £ = £'{— X]j ^i) and s is the composition 

£' (S)n^ M"'-^ M{Di) 

with Di = Let Z C be the open substack given by the properties: the map s' : 

(8> ri — 7> M' has no zero at each Xj, and s : £ iSi^ ^ M has no zero at each Xj. 
Let (j) : Z ^ Bun^ x(X™— A) be the map, whose first component is , and the second 
sends a point of Z to the collection (x,) G X"^— A. Then (p is an isomorphism, because 
is a point scheme in the notation of ([3j, Section 5.2.2). 
Let AJ : (X"^— A) Buny be the map sending {xi} to = ^(X^i axi). Write ^ : Z — > 
Bun^ X Bunj^ for (id xAJ) o (p. Let m be the composition 

X BunT '^^'^ BunT x Bunr ^ Buny, 
where the second map is the tensor product. We get a commutative diagram 

Z Bun^ 
i <i> i q 

Bun^xBunj' 4 Bun^, 

where /i^ is smooth and surjective, and (p is smooth. Since 

up to a shift, our assertion for ICb,w follows as in ([3j, Sections 5.2.1-5.2.2). The proof for 
ICb,w\ is similar, use the fact that, for a point of Z, C M is a subbundle iS £' ^ il. C M' 
is a subbundle. □ 

Corollary 3. 1) The functor q * is exact for the perverse t-structures and commutes with the 
Verdier duality. 

2) IfK G P(Bun„) then q-* {K)'^ {j p)uq-* {K) naturally. 

Proof Identical to [3j, Theorem 2.1.2 using the above proposition. □ 

Now define Eis : D(Bun„) D_(BunG) by Eis(i^) = p!q'*(i^) for the diagram ([23]). If 
K G D(Bun„) is supported by a connected component of Bun„ with x{J^®^) even (resp., odd) 
then Eis(i^) G D=p(B^;nG) (resp., Eis(K) G D=(B^InG)). 

Corollary 4. The functor Eis commutes with the Verdier duality and maps pure complexes to 
pure ones. 

4.1.3 For the rest of Section 4 we assume n = 1. In this case we also write Bun^ := Bun^. It 
is easy to see that Bun^ is smooth. In turn, this implies that Bun^ := Bun^ is smooth. Note 
that Bun^ = Qi, where Qi is defined in Section 2.1. 
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For any x G X the perverse sheaf 1Cb,w \Qf is equivariant under the action of the groupoid 
Hf of Section 2.2. Indeed, this is true over Qf nBun^, and this property is preserved under the 
intermediate extension. This shows that IC b,w is an object of the category P'^(Qi) introduced 
in Section 2.5. Remind that '^Qi is defined in Section 2.4, and W denotes the nontrivial rank 
one and order 2 local system on B{p,2)- 

Consider the stack '^V = X^'^^ x Buni xB{^2) defined in Section 3.2. A point of '^Qi is given 
by {M,B) £ BuuG, £ € Buni,L>i G and a subbundle f (g) ^ M. Let '^p'r : '^Qi '^V 

be the map sending the above point to (Di,£, Bq), where 

Bo = B (E) detRr{X,£ Q{Di))-^ 

as in Section 2.4. From Lemma [6l we learn that the *-restriction of ICb,w to each stratum 
'^Qi C Qi descends with respect to the projection "^pr : '^Qi — )■ '^P. 
For d even let K : XW^^ ->■ be the map sending D to 2D. Let 

where we used k to define the fibred product. Let ^^prg^jg^ be the composition of projections 

For the inclusion "^Qi C Qi we have dimC^Qi) = dim Qi — d with the abuse of notation meaning 
that the dimension of a connected component of Qi is compared with the dimension of the 
stratum '^Qi intersected with this component. 

Theorem 3. For any d > the ^-restriction o/ICb,vk io the stratum '^Qi C Bun^ vanishes 
unless d is even. For d even, it is the extension by ZGTO UTldcr even ^ Qi of the complex 

(Ve.en)*^[dimQl-d]. 



4.2.1 Consider the stack Bun^ xbuhg Bun^. Write a point of this stack as an exact sequence 
dS]) together with a subsheaf t : £i ® Q ^ M with £i G Buni. Let Xb C Bun^ xbuhg Bun^ be 
the open substack given by the propety that t does not factor through £ ^ Q. A point of Afg 
gives rise to the diagram 

£ M £-^ ^0 

\ t t * (24) 

£i(^n 



Let Xj^ C Buns xbuhg Bun^ be defined by the same condition. 

Consider the stack Zb classifying £",£"1 G Buni and an inclusion t : £1 ^ Q £^^. Write 
t* : £ ^ £* iS) 0,* for the dual map. Let Kt denote the cokernel of t* : (g) ^ f (8) <ff ^ Let 
Px '■ Xb — > Zb be the map sending the above point of Xb to (£",£"1,*). By ([12j, Section 8.2, 
Example 1), the map px is a vector bundle whose fibre over a point of is H°(X,Kt). 
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Let vb '■ Buns — )■ Buiig be the map sending ([5]) to M. Let Bun^ C Bun^ be the open 
substack given by }i^{X,£^ (g) fi^) = 0. The restriction : Bun^ — )■ Bun^ of ub is smooth. 

Denote by Afg C Xb the open substack given by H°(X, f"^ (gi O^) = 0, similarly for We 
have an isomorphism 

XBXB{fl2)'^XB (25) 

sending Bq equipped with B'^^k and ([Ml to and = 5o (g detRr(X, ,5 (g) 0) equipped 
with the isomorphism B"^^ detRr(X, M) induced by ([5]). 

4.2.2 Let > 0, we may think of 9 as the element 9a of the Z^-span of positive coroots. Fix for 
a moment a line bundle £ on X. Define and as 

Z^ = Xb^ Zb ^^^^ and Z^ = X^^ Zb ^^^^ > 

where the map X(^) ^ sends D to = E'^ <^Q.~^{-D),t), here t : £"1 (g) --^ £""^8 the 

canonical inclusion. We will write Z|, Z| if we need to express the dependence on 8. 

The scheme Z^ is the usual Zastava space for G considered in [2]. Let ixg : Z^ ^ X^^) denote 
the projection, this is a vector bundle with fibre ® Q.{D)/£'^ (g) Q over L» G XW. The fibre 
of the dual vector bundle Z^ — ?> X^^'^ over is E^"^ / £^"^{—0). The isomorphism (|25p yields a 
trivialization 

As in [2], denote by Z^ax ^ the open subscheme given by the property that t : £"1 (g) f2 — )• M 
is a subbundle. A point 

{D G X(^) , (T G ^2 n{D)/£'^ (g J7) G 

lies in Z^^x any effective divisor D' < D we have o ^ E"^ ® Q.{D')/£'^ (g il. 

Over Z^^^ we have another trivialization of the gerb Z^ Z^ , the difference between the 
two is given by the following local system Wmax on Z^^^. For a point of Z^^^ we get canonical 
Z/2Z- graded isomorphisms 

det Rr(X, {-D)f ^ det Rr(X, M) ^ det Rr(X, £(^9) 

and 

detRr(X,^-^(-Z))) (gdetH°(X,^-V^"^(-^))^ detRr(X,^-^)^ detRT {X , £ ® ^l) 

They yield a Z/2Z-graded trivialization det H°(X, £:~7^"n-^))^ ^ ^- Let Y^^^ Z^^^ 
denote the /i2-torsor whose fibre consists of elements of 

detH°(A:,f-V^"^(-^)) 

of square one. Define Wmax as the extension of scalars of this torsor under ^2 ^ Q}- Let 
lC{Wmax) be the intermediate extension of Wmax[dim Z^] to Z^. 

As in [2], e^{lC{Wmax) ^ W) is a local model for the perverse sheaf 1Cb,w- 
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For Bi >0 with Oi + 02 = 9 let X^^;^' c X^^i) x X^^^) ^he open subscheme of divisors 
Di , D2 such that Di nZ)2 = 0- The usual factorization property of is the natural isomorphism 

x^(.) Xl-f ^ (Z^^ X Z^^) x^,«,),^(.,) (26) 
Clearly, Z^^^ satisfies the same factorization property. 

Lemma 10. 1) There is a canonical isomorphism Wmax \ -^bi,62 ^ (Wraax ^ l^max) over 

disj 

ye ^ ^91,02 — f yOl y 76*2 W ^91,02 

^max ^XW ^disj ~^ \^max ^ ^rnax) ^ xC^i^ xX'-'^i) ^disj 

2) Over we have canonically lC{Wmax)-^ ^G{Wmax) ^^^{Wmax)- 

Proof The ^2-torsor Y^^^ after the base change by X^^^f^ is obtained from Y^^^ x Y^^^ by the 
extension of scalars ^2 ^ 1^2 ^ 1^2 given by the product in /i2- D 

In the case = 1 the fibre of Z^ — > X^^^ = X over x is the geometric fibre E'^. In this case 
let y ^ X be the total space of the vector bundle £ on X. Let j^y : y — )• be the map over 
X sending v to f^. Then ICiWmax) is this case identifies with ^2-aiitiinvariants in z/yiQ^. In 
particular, the *-restriction of lC{Wmax) under the zero section X — > vanishes. 

For D = Ox the fibre of Z^^^ over D consists of elements o" € ^"^ (8) ^{Ox) /£'^ (Si ^ that do 
not lie in S'^ (8) O.{{0 — l)x)/£'^ ® Q. There is a canonical Z/2Z-graded isomorphism 

detB.°{X,£-^ /£-\-0x))^£-^ (g) 0{^)^ 

The geometric fibre of cr is a nonzero element ax € iS^ (8) 0.{Ox)x—^£x ^((^ ~ l)^;)^- The 
covering Y^^^ — )• Z^^^ over consists of elements 

^ e £-' ® Oiii^)x 

such that 7^ = cr~^. We see that the *-restriction of Wmax to is trivial (resp., nontrivial) for 
even (resp., for odd). 

One can describe explicitely the restriction of Wmax under the projection Z^^^x -^^e)'^'^^ X^^^ 
Given D = Y.iXie "«x(^), we have a canonical Z/2Z-graded isomorphism 

detif{X,£-^/£-\-D))^ (E)i£-^ 

The fibre of the /X2-torsor 

v9 ^ rss y(9) ,79 ^ rss v(9) 
^max ^XW ' ^ '^max ^ XW ^ 

over a given D = ^^xi, a = (cxj) G ®i£xi consists of those elements 7 G ®i£xi such that 
7~^ = ®ai E ®i£xi- Here the tensor product is taken in the Z/2Z-graded sense, so is independent 
of the order of Xj. We have a group scheme G over X(^) with fibre {0/0{-D))* over D. 
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Proposition 3. Consider the Sg-Galois covering 

ryO ^, rss \r0 ryQ rSS v(0) 

By the factorization property of Lemma \1(A the restriction of Wmax under this map identifies 
with ^^i^iWmax over (ni'=i -^max) ^x" '^'^'^X^ . In addition, the corresponding descent data with 
respect to Sg is trivial, that is, there are no Sg-monodromy in the latter isomorphism. 

Lemma 11. For any L> G X(^) there is a canonical 'L/2'L-graded isomorphism 

deiRT{X,£'^ <^Q{D)/£'^ (^Q)(^deiRT{X,Q{D)/n)^ detRT {X , / {- D)f 
It can he seen as an isomorphism of the corresponding 'L/2'L-graded line bundles on X^^\ 
Proof Apply |16j, Lemma 1, i) and ii). □ 
Proof of Proposition 

Consider the line bundle over '^^^X^^'f whose fibre over D = "Y^^xi is det Rr(X, J7(Z))/r2). This 
is the line bundle O over ^^^X^ equipped with the descent data with respect to '"■^^X^ — )• ^'^^X^^^ 
given by the sign representation of Sg. 

Consider the line bundle on "^X^'^) with fibre det Rr(X, n{D) /f ^ (g) Q). This is the line 
bundle Mf^iS'^ on ''^'^X^ with the descent data given by the sing representation of Sg. 

Now consider the line bundle {sym^^{M^^^£'^))^^ on ^'^^X^^^ where sym : XO X(^) is the 
sum of divisors. Let denote the total space of this line bundle with zero section removed. 
By Lemma \TT\ we get a ^2-local system WV over classifying D G "''"X'^^^a G and 
7 G detRT{X,£-^/£'^{-D)) with 7^ = a. 

There is a morphism 

over r^^x^^') sending a = (cTj) G ©j<?^. to (8>j(Tj. Then 6*{WV^) identifies with the restriction of 

Wmax to Z^^^X^m- 

We have the natural map ^ : (ni=i"^'"'^) ^x" '^'^"X^ — given by the product, and 
^*WV^^ ^^i=i {WV^). The ^g-minodromy in the latter isomorphism is trivial. Our asser- 
tion follows now from the commutative diagram 

^Lax ^xm '^"''X^ (nLl ^max) ^ X" ''"''X^ 

4, <5xid 4 

x^(,) '-^'X^ ^ (nti V^) x^, '■'^X^ 

□ 

4.2.3 For any 6* > let X^^'^ be the vector bundle with fibre £-^/£-^{-D) over D. Let 

vTy : be the map over X(^) sending a section v G £~'^ /£~'^{-D) to v"^ G E'"^ /£~'^{-D). 

The morphism vTy is equivariant with respect to the group scheme G^. It is understood that 
g G {0/0{-D))* acts on £^^/£-'^{-D) as g, and on E'"^ /£-'^{-D) as g'^. The morphism TVy 
is affine, so vTyi IC(y^) is placed in perverse degrees > and is G^-equivariant. 
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Proposition 4. The morphism VTy : — > is small, and Tiyi IC(y^) is a perverse sheaf. The 
^-restriction o/vTy, 10(1"^) to the complement of '^xW '^'^^X^^^ is placed in perverse degrees 

< 0. 

Proof Por a partition U{0) = (ni > . . . > > 1) of ^ consider the scheme X^(^) = i"^^x^ 
and the map map 

X^W ^ x(^) sending {xi,...,Xk} to D = ^^UiXi. Here "'"'X'' C X^ 
is the complement to all diagonals. Let 'B(^) be a datum of U{6) together with a collection 
(mi, . . . , TTife), where < rui < Ui for each i. 

Given 53(6*), let Z'^(^) be the locally closed subscheme in Z^x^^g) X'^^^^ classifying D £ X^^^^ 
and V = (vi) S £'^^/£'~^(— njXj) such that 

Vi G £~'^{-miXi)/£~'^{-niXi) and ^ £~'^{-{mi + l)3;j)/£'"^(-njXi) 

The dimension of Z®^^) is /c + ~ "^«) ^^"^ dimZ^ = 2^. The fibre of 

TT^ X id : x^(«) ^ x^(«) 

over a point of Z*^*^^) is of the form Y\- Si. If = rij then identifies with A"'/^ (resp., with 
^K-i)/2) for Hi even (resp., for odd). If < mj < nj then S'j is empty unless mj is even, and 
for rui even 5i^A™'/2 □ 4^,72 _ 

If the fibre of vTy x id over a point of Z^^^^ is nonempty then the dimension of the fibre is 

< So, 2dim(/z6re) = — codim(Z'^(^)) = 9 — k + ^^mi, and the inequality is 
strict unless k = 6. d 

Note that vTy, IC(y^) is acted on by /i2- It surjects onto the intermediate extension of its 
restriction to Z y<xw^'^^ 

because it does not admit any perverse quotient sheaves supported 
over the complement of Z XxW 

4.2.4 Consider the homomorphism : Gm of group schemes over X^^^ sending g € 

{0/0{—D))* to the induced automorphism of detH°(X, 0/0{—D)). We have the local system 
over Gm corresponding to the covering Gm — ^ Gm, 9^9^ and the identity character ^2 ^ Q^- 
Let denote the restriction of this local system under C,. Then Wg is a character local system 
on G^, its *-restriction under the unit section X^^^ G^ is naturally trivialized. 

Consider the action of G^ on Z^ such that 5 G G^ acts on u G (g) Q,{D)/£'^ (g) as 
gv. The perverse sheaf IC(Wmax) is (G^, VFG)-equivariant. Indeed, this holds over the locus 
Z^ Xj5^(9) '^^^x^^\ and this property is preserved under the intermediate extension. 

Por D G X(^) let G^ be the fibre of G^ over D. U D = Ox e X(^) for some x e X then the 
^-restriction of to G^ is trivial iff 9 is even. 

Por 9' <9 let 

e'Z - Z„a^ X ^ 

As in [2j, this is a locally closed subscheme in Z^ classifying diagrams (I24p and a divisor D' G 
such that t:£i® n{D') ^ M is a subbundle, and div(£:-Vfi n{D')) G X'-^-^'l 
Let 5^ : X(^) Z^ denote the zero section, it identifies with gZ^. Prom the Gm-equivariance, 
where g G Gm C G^ acts as g'^, as in ([2j, Proposition 5.2) we get an isomorphism 

lCiWma.)^5'-lC{Wmax), 
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By purity as in ([2], Corollary 5.5), the latter complex is a direct sum of irreducible perverse 
sheaves. 

Proposition 5. The complex ngi lC{Wmax) vanishes if and only if 9 is odd. For 6 even there is 
an isomorphism over 

TTeaC{Wmax)'=^ K,Qe, (27) 
where k : X^^/"^^ X^^^ sends D to2D. 

Proposition [5] implies an isomorphism s^* lC{Wmax) —> K\Qg[9]. Moreover, for ^' < ^ it yields 
an isomorphism for the *-restriction 

Tp/w ^| ^ ( prlWrnax^i^lW^-O'], for^'even 

ICiWmax) l,ZO ^ I 0^ fo^ ^, ^^^^ (28) 

here now k : X^'^'/^) ^ X^^') for 9' even. 

Proof of Proposition Since lC{Wmax) is (G^, VFG)-equivariant, the complex 5^'lC{Wmax) is 
also (G^, W(G)-equivariant by functoriality. However, the action of G^ on the zero section is 
trivial. So, if 9 is odd then the *-restriction of TTg\ lC{Wmax) to the main dagonal 6 : X ^ X^^^ 
will vanish. Indeed, for any D G X^^^ the *-restriction of Wiq to G^ will be nontrivial. 

Assume 9 > even and our result known for 9' < 9. We argue by induction on 9. From the 
factorization property of lC{Wmax) and (G^, WG)-equivariance, we also see that Trgi IC(VFmax) 
vanishes outside the image of k. 

Given a decomposition 9 = 9i + 92 with > even, after the base change X^^fj'^ — )• X^^^ we 
get an isomorphism by the induction hypothesis and 2) of Lemma [TO] 

vrgi IC(T4^maz) 1^91,92 X i^)\Qe \x<^i-02^ (29) 

disj disj 

where k x k : X^^^/^) x x(^2/2) _^ j^(ei) ^ x'-'^''\ By Proposition El the isomorphism ([29]) has 
no 52-monodromy with respect to the permutation of two divisors in the case 9i = 92- 

By purity, for 9 > 2 there is a pure complex on X such that for the main diagonal 
A: X ^ X(^) we have 

irei lC{Wmax) ^ KiQ^e AiK^ (30) 

For 9 = 2 we don't know yet that kiQ^ is a direct summand in ng\ lC(Wmax), as ([29]) is vacuous 
in this case. 

First, we show that A* ttqi lC{Wmax) is placed in perverse degrees < 1, and ^H^ of this 
complex identifies with Qi. To do so, calculate this complex using the stratification of Z'^ by 
giZ*^ for < 9' < 9. Let igi denote the composition 

e'Z^ x^(fl) X^ Z^ x^(,) X ^ Z^ 

The complex TTgag, lC{Wmax) is calculated using (p8]) by the induction hypothesis. It vanishes 
for 9' odd. For 9' < 9 even it identifies with the direct image with compact support of ( 
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under the projection Z^^Jt^ ^^xC"-®') ^ ^ The latter is a constant complex placed in usual 
degrees < —9', so in perverse degrees < for 9' ^ 0. The complex i*Q\C{Wmax) by definition is 
placed in perverse degrees < 0. So, A* vrgi IC(Wmax) is placed in perverse degrees < 1, and only 
qZ^ contributes to its 1st perverse cohomology sheaf. We get an isomorphism 

For 9 = 2 the complex irgt lC{Wmax) is the extension by zero under k : X ^ X^'^\ it is placed 
in perverse degrees < 1 and 

Since s' lC{Wmax) is placed in perverse degrees > 0, the isomorphism (f27|l follows for 6 = 2. 

For 61 > 2 the isomorphism ([30]) yields A*7re! lC{Wmax)'^^i®K^ ■ We see that K*^ is placed 
in perverse degrees < 0. On the other side, 5' ICiWmax)-^ Ai is placed in perverse 

degrees > 0, so = 0. We are done. □ 

Theorem [3] is a straightforward consequence of Proposition [H 

4.2.5 Let Four^(IC(VFrrtaa;)) G ^{Z^) denote the Fourier transform oilC{Wmax)- Since lC{Wmax) 
is (G^, VFG)-equivariant, Four^(IC(VFmaa;)) is also (G^, VFG)-equivariant, where now g & acts 
on u G E'"^ /£~'^{-D) as gv. 

Let Gl be the kernel oi G'^ ^ , g ^ g"^ . Remind the map vTy defined in Section 4.2.3. 
Now G2 is a group scheme over X^^\ it acts naturally on vTyi IC(y^) acting trivially on Z^ . 

For a line bundle C on X and an effective divisor D on X write {£/ jC{—D))max for the 
open subscheme of C/C{—D) classifying v G C/ C[—D) such that for any < Di < D one has 
V i C{-Di)/C{-D). Denote by 

^max 



the open subscheme classifying D G X^^\v G {£ ^/f '^{—D))max- Let y^ax = '^y^i^max)- The 
morphism 

is finite, this is a torsor under Let (^2 denote the composition G2 ^ G^ Gm, it takes 
values in ij,2 actually. Let Wmax be the local system on Z^^^ obtained from (j3T]) by the extension 
of scalars via ^2- Though the group scheme G2 is not flat over X^^\ the extension of scalars 
makes sense. 

Proposition 6. There is a 1- dimensional vector space As depending on £ G Buni and a canon- 
ical isomorphism over Z^ 

As ® lCiW„,ax)^ Four^(IC(H^„a,)) (32) 
Besides, A^^Qi canonically. 
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Proof Let E be the local system on Gm corresponding to the covering Gm — ^ Gm, x — )• and 
the identity character ^2 ^ Q^- If is the intermediate extension of E[l] under G^ ^ 
then Four^(i?)^£', see ([14j, Propositions 1 and 3). 

Prom this observation and the factorization property of Wmax we obtain the isomorphism 
(pi) after restriction to x^^g) ^^^X^. The fact that the S^-monodromy for "^''X^ rssx^e) 
after the Pourier transform is still trivial follows from Lemma [T2] below. □ 

4.2.6 The group S2 acts on A'^ by permuting the two coordinates. Write for the stack 
quotient for this action. The Pourier transform can be seen as an auto-equivalence Pour^ : 
D{h?/S2)^ T){A?/S2). Given K £ P{A^), consider Kl on with the trivial equivariant 
structure for the above action of 5*2, the resulting perverse sheaf on A^/52 will also be denoted 
K M K hy abuse of notation. 

Lemma 12. For any perverse sheaf K S A^ the functor Pour^ : D(A^/S'2) — > D(A^/S'2) sends 
K M K to Four^(i^) M Pour^(i^). That is, the Fourier transform preserves the trivial S2- 
monodromy for the projection A^ — )■ A^/S'2. 

Proof We have an isomorphism over h? / S2 

¥onT^{K ^K)^ (Four^(i^) K Pour^(is:)) (g) W' , 

where W is a rank one local system on B{S2) that we have to determine. Clearly, W' is 
independent of K. We must prove that W is trivial. Take K = Q^l]. Let p : A'^/S2 B{S2) be 
the projection and *p : B{S2) — A^/S'2 the zero section. Since the Fourier transform exchanges 
p\ and for this K we get W'^Qg. □ 

4.2.7 Remind that G2 acts on vTyi IC(y^) naturally. In this subsection we prove the following. 

Proposition 7. The isotypic direct summand o/7ry|IC(y^) on which G2 acts by (2 identifies 
canonically with lC{Wmax)- 

First, we check that the perverse sheaf lC{Wmax) is essentially "the same" as lC{Wmax)- 
For < 6' < 6 let 0>Z'^ C be the locally closed subscheme classifying D' £ 
D" G X^^-^'^ and v G {£-'^{-D')/£-'^{-D' - D"))max- Note that qZ^ = Let 

e'^even C 6»'^ 

be the closed subscheme given by the condition that D' is divisible by 2. Let qiY^ be the scheme 
classifying D' G divisible by 2, D" G X^'^-'^'^ and v G £-^{-D' /2)/8-^{-D' /2 - D")max. 

Let 

e'TTy : e'Y^ ^ e'Z^yen (33) 

be the map sending {D',D",v) as above to {D',D",v'^). As above, we have the group schemes 
G2~^ C G^~^' over X^^~^'^ and the homomorphism ^2 : G2~^ — ?• /i2- The map (j33p is a torsor 
under G2~^ (viewed this time as a group scheme over qiZ^^^^). 
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Denote by e'Wmax the local system on e'Z^ven obtained from (j33|) as the extension of scalars 
via C2 : ^2"^' ^ fi2^ Q|- Note that if 6*' = 6* is even then gWmax = Qi- 

By its definition, IC{Wmax) satisfies the factorization property as in Lemma [TUl So, we can 
repeat the proof of Proposition [5] for instead of Z^ and obtain the following. 

Proposition 8. Let < 9' < 6. The *-restriction of lC{Wmax) to e'Z^ vanishes unless 9' is 
even. For 9' even it identifies canonically with the extension by zero under e'Z^ven ^ O'Z^ of 
e'Wmax[29 - 9']. □ 

Proof of Proposition^ Over Z^^^, the perverse sheaf lC{Wmax) coincides by definition with 
(G2, C2)-iiivariants in vTy, IC(y^). By Proposition HI vTy, IC(y^) surjects onto the intermediate 
extension of its restriction to Z^f^g-^'^^^ X^^\ hence a surjective morphism of perverse sheaves 

{TTy, IC(y^))(^''«^) ^ lC{W„,ax) (34) 

We check this is an isomorphism over each geometric point. Use notations as in Proposition [U 
let ^{9) be a datum of a partition U{9) = (ni > . . . > > 1) of together with a collection 
(mi, . . . , mfc), where < nii < rii for all i. Let D = njXj with Xi & X pairwise different. Set 
D' = J2i miXi, 9' = degD' and D" = D - D' . Let 

V = {Vi) {£-\-D')/£-HD))max, 

here Vi G £-^{-miXi) / 8-^{-niXi). So, {D',D",v) G 0,Z^. 

The fibre of TTy over this point is of the form Hi'^'j) where Si is the scheme classifying 
Ui € 8^"^ / E^^^^—niXi) with uf = Vi in £^^^/£'^^(— n^Xj). 

If vrii = Ui is odd then D' is not divisible by 2, and H2{0/0{—niXi)) acts nontrivially on 
detll^{X,0/0{—niXi)), so the contribution of Si to the LHS of ([M]) is zero. 

If rui = Hi is even then fi2{C>/0{—niXi)) acts trivially on detll^{X,0/0{—niXi)), and the 
contribution of Si to the LHS of (|34p is Qil—mi]. 

If nii < Ui with nii odd then Si is empty and both sides of (j34l) at this point are zero. So, we 
may assume all nii even. Then the *-restriction of e'Wmax to Y\^{8~'^ {—niiXi) /S'"^ {—niXi))max is 
the exteriour product KljE'j, where Ei is a rank one local system on {8^'^{—miXi)/8~'^{—niXi))max- 
The local system Ei is trivial iff rii is even. On the hand, —1 G fi2iO /0{—niXi)) acts on 
detH^ {X , O /0{—niXi)) as (— Taking into account Proposition [HI our assertion follows. □ 

4.3. Whittaker coefficients of Eisenstein series 

4.3.1 Main purpose of this section 4.3 is to prove Theorem U] below. Let ub ■ Bun^ — )• Bun^ 
be the map sending ([5]) to {M,B) with B = detRr(X, f (g) Q) equipped with the induced 
automorphism B'^^ detRr(X, M). Let Sb be the stack classifying 8 £ Buni and a section 
S2 : <f ^ — > Ox- Let Four^ : D(BunB) — )■ D{Sb) be the Fourier transform. 

For d > let RCov*^ be the stack classifying Di € '^''^X^'^\ 8 G Buni and an isomorphism 
S2 '■ 8^^ 0{—Di). We have a natural open immersion RCov'^ ^ Sb- For a point of RCov'^ 
given by {8, S2) we consider Ox ® <5 as a Ox-algebra and let Y = Spec{Ox © 8). Then y is a 
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smooth projective curve, and the projection (p -.Y ^ X is a degree two covering ramified exactly 
over Di, see 7.7.2). We denote by Sq the /i2-antiinvariants in (piQi, this is a local system 

over X — Di extended by zero to X. 

As (£", S2) € RCov'^ varies, the coverings Y form a family that we denote (t)univ '■ Yuniv 
X X RCov'^'. We denote by Sq. ,univ the /i2-antiinvariants in {4'univ)\^£- 

Given a rank one local system E on X, write AE for the corresponding automorphic local 
system on Buni. Let AJ^ : X^'^^ — )• Buni be the Abel-Jacobi map sending D to 0{D). Then 
AE is equipped for each d>0 with an isomorphism {AJ'^)*AE'^E^'^\ 

Let E he a rank one local system on X. Set = Eis(yl£'[dimBunj']). Our aim is to 
calculate the complex 

Four^ i>^K£;[dim. rel(z>B)] \^c^^d (35) 

4.3.2 Write -^buiit ~^ Bun-r for the relative version of over Bunj^, so the fibre of this map 
over £ is Z^. Similarly for the vector bundle -^buiit X^^^ x Bun^. Let 

be the map sending (f2ll) to the exact sequence ([5]) together with D = div(£'~^/£'i (g) Q). This 
is a morphism of generalized vector bundles over BuuT xX(^) given by S'^ Q{D)/£'^ (8> — ?> 
R^{X,£^0n). The dual map over Bun-p xX^^^ is denoted 

/B:5BxX(^)^Zt„^, 

it sends {£,S2,D) to {D,£,v e £'^ /£'^{-D)), where V is the image of S2 under the transpose 
map 

B.^{X,£-^) ^ £-y£-\-D) 

The perverse sheaves lC{Wmax) over Z| as £ varies in Bun-p naturally form a family, which 
is a perverse sheaf on -^buht ^^^^ ^^^^ denoted lC{Wmax) by abuse of notation. Similarly, 
lC{Wmax) can be seen as a perverse sheaf on .^BuriT' £" € Buni varies As becomes a self-dual 
rank one local system A on Bun^, and now Proposition [6] over .^buht establishes an isomorphism 

A (g) lC{Wmax) ^ Four^(IC(W^ax)) 

Let C 5b be the open substack given by S2 7^ 0. Let vs Sb ^ Buni be the map sending 
{£, S2) to £. 

Lemma 13. Let us describe 

Four^P^i^£;[dim. rel(pB)] I50 

over the connected component of given by 2deg£' = —d. The contribution of the connected 
component of Bun^ given by ^ — deg(<?i Q) = d to the latter complex identifies canonically 
with 

{AE)^^(g)u*s{AE-^0A)®pT^,ipv*{E*f ^ (/b)* 10(11^^,,.)) [dim. reK/^)] I50, 
where pri : Sb x X^^^ Sb and : 5b x X^^^ — )• X^^^ are the projections. 
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Proof The Fourier transform exchanges fB\ and (/B)*[dim. rel(/B)]. For a point ()24p of Z^^^^ 

with /:» = div(£^~V'£^i <^ ^) we get ^£^£:-i^n-i(--D) "^^-^^^-if^n-i ® (-E'dV- The locus of 
Buns XBuncBun^ given by the property that £i 0, — > M factors through £ (S) 0, ^ M 
does not contribute to the Fourier coefficients over S^. □ 

Let SB : RCov'^ xX(^) ^ Z^nnr the restriction of Jb- 
Lemma 14. For 9 > we have canonically 

s*B lC{W„,ax)[dim. rel(/B)] ^ £-i'^Jdim(RCov'^ xX^)] 
This proves the fohowing. 

Theorem 4. The fibre of ( fg5|) at {£,S2 : £'^'^0{-Di)) G RCov"^ is the central value of the 
L-function 

ee>oRr{X^'\{E* ^£of^)[e] (36) 

tensored by (E> vl-E^-i^f^-i [dimRCov'^]. Here £q is the sheaf of fj,2-antiinvariants in (piQi for 
the covering (p :¥ ^ X given by {£,82)- If d > then is a shifted local system on RCov*^. 

If E* (8> £0 is nontrivial then 

Rr{X'^^\{E* ®£o)'^^^)[e]^ RHX,E*®£o), 

this is always the case for d > 0. Note that xi^i £q) = 2 — 2g — d, so the sum in (j36p is 
over 0<e<2g-2 + d. 

Remark 2. i) The functional equation should say that 

Eis(A£;[dim Buut]) ^ C^; (g) Eis(^£;"^ [dim Buut]), 

where Ce is a 1-dimensional space eventually depending on the local system E. This should 
come from an isomorphism for any point {£^82) of RCov'^ 

AEl.^^^.^® N^-R^iX.E* ®£^)^Ce® ^^^~'^^'^-^'R^(X,E ®£^) = 

Ce ® A^R^iX, E®£oy® det }1^{X, E®£q) = Ce® A^R^{X, E* ® £0) ® det R^iX, E ® £0) 
This would follow from an isomorphism 

AEj.i^^.,^CE ® detR\X, E ®£o) (37) 
Note that AE'^_i^ AEQ(^E)^y By Lemma [T5] below. 

detRT{X, E) ® {AE)n'^Qe 
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and detRr{Y,(l)*E) (g) {A{<j)*E))n^.^Qi. Note that ^ ((/>*fi)(Z?i), we may view Di as a 
divisor on Y as well as on X. One has canonically A((j)*E) ^ N*(AE), where : Buni^y — )• Buni 
is the norm map, and N{Qy)~^^'^{Di). Combining the above, we get an isomorphism 

det Rr(X, E(g)£o)(^ {AE)^^D^)^Qe, 

so detR^iX, E £o)^ iAE)Q(^D^y To get ([HTD we have to set Ce = (AE)-^^. 

Assume E'^ nontrivial. If we knew that the contribution of each connected component of 
Bun^ to Eis(-E'[dimBunT']) is an irreducible perverse sheaf then our calculation of Whittaker 
coefficients over RCov"' would imply the functional equation (the corresponding isomorphism 
over RCov'^ would extend via the intermediate extension to the whole of Sb)- 

ii) Consider the automorphism w of Buni sending £ to £* ^ Our calculation predicts the 
form of the functional equation in general. Namely, we conjecture an isomorphism functorial in 
K G D(BunT) 

Eis(u;*K)^Eis(K) 

for K G D(Buni) satisfying the following regularity assumption, the same as for the functor 
EIsql^ in Conjecture El For £ G Buni let rc ■ Buni — )• Buni be the map B ^ C(8)B^. Then 
K G D(Buni) is regular for EIsql^ iff for any C G Buni one has Rrc(Buni, r^ii') = 0. 

If the functional equation holds for K which is a bounded complex on each connected com- 
ponent of Bun^ then Eis(/C) is also bounded. In particular, the functional equation does not 
hold for Eis(^£'), where ii^ is a rank one local system on X such that E'^'^Qi, because Eis(^-E') 
is unbounded in this case. If g = then there is no functional equation for Eis. The local 
analog of this functional equation is the property of the principal series representations of the 
metaplectic group ([SI], Proposition 2.1). 

Note that the functional equation for Eis^^^ claims that for K G D(Buni) regular one has 
EisGLi(^*-^) -^EisGLi(^), where W : Buni ^ Buni sends B to B~'^ (g) O"^. 
Remark 3. The cup product equips II^(X, Q^) with the structure of a symplectic vector space, 
so det Rr{X, Qf.) ^ Qt canonically. Similarly, det Rr(y, Q^) so det RT{X, £o)^Qi canon- 

ically (we ignore the Tate twists). 

Lemma 15. Let E be a rank one local system on X. One has a canonical isomorphism 
detRT{X,E)'^{AE)*^. 

Proof By Remark [3l we may assume E nontrivial. Then detRT{X, E) is canonically the dual 
of the 1-dimensional space RT{X^'^^~'^\ E^'^^~'^^)[2g — 2]. Clearly, we may assume g > 2. Let 
Pjg 2g-2 ^YiQ Picard scheme classifying line bundles of degree 2g — 2, write AJ : X^'^^~'^^ — )■ 
Pic^^~^ X for the map D i-)- Ox{E)). Let i : Specfc — > Pic^^~^ X be the point O. One has an 
exact triangle 

Rr(Pf-2,Q^)[2(7 - 2] ^ {AJ)^qi[2g - 2] ^ 
on Ric^3--i X. One has canonically ^(29-2) RPfPic^g"^ X, AE) = 0. So, the 

above triangle yields an isomorphism 

Rr(X(29-2)^^(2g-2))p(^ - 2]^^ {AE)n 
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□ 

4.3.3 Some residues o/Eis 

Prom (j36p we also see at least some residues of Eis(^£^[dimBuni]). Namely, if E'^ is trivial, then 
E defines a /U2-torsor over X that we see as a point {S, E"^ ^ Ox) of RCov*^. For the corresponding 
automorphism os of Bunc defined in Section 5.1 below, the perverse sheaf Aut appears as 
a direct summand in Eis(j4i?[dimBuni]). This is a residue of Eis(74ii^[dimBuni]), which is 
unbounded in this case as we see from Theorem [H 

4.3.4 Constant terms of Eis 

Remind the map Db ■ Bun^ — )• Bun^ from Section 4.3.1. Let i't ■ Bun^ — )• Bunj- be the 
natural map. Let Bun^ be the connected component of Bun^ classifying exact sequences ([5]) 
with deg(£') = d. Write Bun^ for the connected component of Buni classifying S G Buni of 
degree d. 

Let CT : D(Bunc) — > Bun-p be the functor 

CT{K) = UT\i>*BK[dim.Tel{9B)] 
Write CT'^{K) for the contribution of Bun^ to the above functor, so CT{K) = ®d€zCT'^{K). 
Definition 1. Let K e D(Bun'f^), d,di G Z with d - di even. 

• FoT di < 2 - 2g - d define Fo{K) G D(Bunf) as follows. Let r = 1 - 5 - Let 
a : X Bunf ^ Bunf^ be the map sending {D,£) to ® n-^{-2D). Set Fo{K) = 
pi2\ a*K[l — g], where pr2 : X^^^ x Bunf — )• Bunf is the projection. 

• For di<d define Fi{K) G D(Bunf) as follows. Let r = {d- di)/2. Let b : X^^') x Bunf ^ 
Bunfi be the map {D,£) ^ £{-2D). Set Fi{K) = pra, 6*ir[2 - 2g + d - di], here 
pr2 : X^^^ X Bunf — > Bunf is the projection. 

The following result is compatible with the form of the functional equation from Remark [2l 

Proposition 9. Let K G D(Bun^^). The complex Kd^di '■= CT(Eis(i<')) Igm^d vanishes unless 
d — di is even. In the latter case it is as follows. 

1) If di > maxjd, 2 — 2g — d} then K^^di = 0. 

2) If d < di < 2 — 2g — d then K^^di '—^ Eq{K) canonically. 

3) If d > di > 2 — 2g — d then Kd^di F'i{K) canonically. 

4) If di < min{d, 2 — 2g — d} then there is an exact triangle Fq{K) Kd,dr ~^ Fi{K) over 
Bunf. 
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Proof We have to integrate with respect to the composition Bun^ xbuhg Bun^^ — ?> Bun^ — > 
Bunf . Write a point of Bun^ xbuhg Bun^^ as the diagram 

1) In this case Hom(fi,f) =Hom(£'i(»0,£-i) = 0. 

2) In this case IIom(<Si,iS) = 0, and there remains the direct image of lC{Wmax) (X" t*K[1 — g] 
under Z^^^d — ^ Bunf for = 2 — 2g — d — di, here r : Bun^ Xbuhg Bun^^ — )■ Bunf^ is the 
projection. Applying Proposition [5l we get the desired answer. 

3) In this case Hom(£'i Q, £~^) = 0, so i factors as i : £i (S) 0. ^ £ ® Q, and our claim follows 
from Theorem [3l 

4) as in the above cases, stratify Bun^ XBuno Bun^^ by the property that i factors as Cg) O 
£ or not, calculate the direct image with respect to this stratification. □ 

4.4 Whittaker sheaves for SL2 

Let -E be a rank one local system on X. If we want Eis(Ai?[dimBuni]) to depend only on 
E (B E*, we have to choose a square root of 17, which we avoided before. This is analogous to a 
choice of such square root in ([3]j Section 2.2.1) for Eisenstein series for reductive groups. 
Fix once and for all a line bundle 0^/^, whose square is identified with il.. Set 

ICe(bE' = i^E)^3/2 Eis(^^[dimBunT]) (38) 

Then according to the functional equation, K,e®e* should depend only on the SL2-local system 
E®E*. 

Remark 4. Here is a consistency check of the normalization in (j38p . In ([3], Section 2.1.7) a 
notion of a twisted PV^-action on Buny was introduced, here T is a maximal torus of a reductive 
group, and W the corresponding Weyl group. For the maximal torus Th = GLi of H = SO3 the 
nontrivial element of the Weyl group sends B G Buni to B* (8) under this twisted action. As 
in ([3], Section 2.1.7), given a Tf^-local system Ef^, one defines the automorphic sheaf Aut^;^ 

on Buut^^ as {AE)q ^£'j.^[dimBun'r^]. For the map 5 : Buni — > Buni, B B <^ 0,^^"^ from 
Conjecture [2] the fibre of 5* Aut^^^ at i3 G Buni is {AE)^3/2 (g) {AE)^. 

Remind the 2-automorphism e on RCov'^ introduced in Section 0.3.3. Define the local system 
•^E®E* RCov'^ as ([35]) tensored by (^£')j^3/2 [- dimRCov'^]. It is Z/2Z-graded by the action 
of e. 

Remind that for a local system y on X we introduced a complex CLy on RCov'^ in Sec- 
tion 0.3.5. 

Corollary 5. Over HCov'^ one has a canonical (automatically 'L/2'L- graded) isomorphism 

{Se(bE'-)®'^ — ^ CL'^fSE* 

Based on this result, in particular, we proposed Conjecture [3] in Section 0.3.5. Remind the 
theta-lifting functors Fq and Fh from Section 0.3.2. For a SL2-local system E on X remind our 
notation Aut^; G D(Bun//) from Section 0.3.3. 
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Assume Conjecture [3] true just for the point £ = O oi RCov'', and denote by SQe the fibre of 
5^ at O G RCov*^. So, SQe is Z/2Z-graded by the action of e, and can be viewed as a complex 
on B{iJL2)- Then we get a Z/2Z-graded isomorphism 

{sQeT^ ^ e,>o Rr(x(^) , e^'^ ) [o] (39) 

Write RCoy'^ for the coarse moduH space of RCov^. The /Ug-gerb RCov"^ RCov "' is trivial, 
its trivialization yields a projection p : RCov*^ — >• B{^2)- 

Remind that each K € D_(BunG) is Z/2Z-graded by the action of e. The following conjecture 
is motivated by our calculation of geometric Waldspurger periods (Theorem 5 and Conjecture 3 
in |16j). on one hand, and by a relation between Fg,Fh and the first Whittaker coefficients 
functors for SL2 and for on the other hand (we are planning to discuss this relation in a 
separate paper). 

Conjecture 4. Let E he an irreducible SL2-local system on X. Then 

i) ICe ■= QL{AutE) is a perverse sheaf, whose each Ij/llj-parity piece is irreducible, and 
D(/Ce)^/Ce. 

a) The complex EHFciAutE) is isomorphic to Aut^ tensored by (B8>oKT{X^^\ E^^^)[9]. 

Hi) Assume Conjecture\^ true for the point £ = O o/RCov*^. For a suitable map p : RCov'' — >■ 

B{ii2) there is an isomorphism over RCov*^ 

(Four^ P|jFG(Autij)) Ij^cov'' f SQe ® {^owy^DbKe) \kcoy^ 

The above conjecture suggests the following. For an irreducible SL2-local system E on X 
one wants to construct the local system tS^; of Conjecture [3l First, construct the local system 
P*SQe ^ S'j^ via the theta- lifting as 

Four^ i>^FG(Aut£;)[dim. rel(i>B) — dimRCov"^] Ij^co^d 

Then to get Sj^ it would suffice to get rid of the factor SQe- 

Remark 5. i) For an irreducible SL2-local system E on X Conjecture [1] would imply an isomor- 
phism RHom(/C£;, ICe)—> RHom(AutE, Aut^;), which should in turn yield the Rallis inner prod- 
uct formula for ^^(Aut^;) (see pi], Section 7.7). The latter expresses Rrc(BunG, ^(^(Aut^;) (81 
BFciAutE)) via Rr(BunH, Autij ®D(Auti?)). 

ii) Let E be an irreducible SL2-local system on X. If we were working over complex numbers 
with D-modules, then il^{X,E) would carry a pure Hodge structure of weight 1, this structure 
yields a natural candidate for SQe- 

iii) If E is an SL2-local system on X with il^{X,E) = then Il^{X,E) can be seen as a torsor 
over Spec k under S04g_4. The datum of SQe together with a Z/2Z,-graded isomorphism (f39l) is 
equivalent to a datum of a lifting of this torsor to a §pin4g_4-torsor. This was already observed 
in ([H], Remark 14 and Conjecture 5). If we were working with P-modules in characteristic zero, 
we could consider the moduli stack LSsl2 of SL2-local systems on X. Then the corresponding 
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Spin4g_4-torsor can be seen as a torsor over the open substack of LSsl2 given by H°(X, E) = 0. 
Over the locus of this substack, where E = V (BV* , it should coincide with the torsor given by 
the complex Sy^y* defined in 1^. 

5. First Whittaker coefficients 

5.1 Use the notation of Section 0.3.1. Note that Aut^ E Dzp(BunG') and Aut^ G D=(Bun(3). 

Remind the stack RCov'^ introduced in Section 0.3.3. Given (£",52) € RCov'' let : 
Bunc Bunc be the isomorphism sending M to M £. 

Lemma 16. The trivialization S'^^Ox yields a uniquely defined Ij/TL-graded isomorphism of 
line bundles on Bunc 

.-1 * . ~ detRr(X,^)2" 

Proof By (|16j. Lemma 1), for M € Bun^ there is a canonical Z/2Z-graded isomorphism 

, _ detRr(X,M) «)detRr(X,f)2"-i ®detRr(X,£'®J7") 
det Rr(X, M^£)^ det Rr(X,l^»UdetRr(X,0)^»-i ' 

and 

det Rr(X, ^ ® J^") det RT{X, 8^-^ _ det RT{X, f)'^) 



det Rr(X, £■ O J^)" detRr(X,0) 

The trivialization E"^ ^ Ox yields a Z/2Z-graded isomorphism det Rr(X, £®Q) ^ det Rr(X, £). 
Combining the above, we obtain 

det Rr(X, M ®£) ^ det Rr(X, S f'' 
detRr(X, M) ^detRr(X,0)2" 

□ 

We extend to an isomorphism as : Bunc ^ Bunc sending (M, B) , where ;S is a line 
equipped with B"^ ^ det Rr(X, M) to (M ® £, B'), where 

B' = B® det Rr(X, ® det Rr(X, O)"" 

is equipped with the isomorphism B"^^ det Rr(X, M ^ £) of the above lemma. 

Note that RCov^ is a group stack, which identifies with Bun^j naturally. One checks that the 
above gives an action of Bun^2 Bun^. Note that a| is compatible with the 2-automorphisms 
e, e. So, (t| preserves each of the categories D=(BunG') and D^(BunG). 

Lemma 17. Given 8 S Bun^j £q denote the corresponding rank one and order two local 
system on X. Then the functors D_(BunG') — > D_(X x Bun^) given by 

K ^R-^{Aa,a}K) and by K ^ {idxd£yR^{Aa,K) ^prlSo 

are naturally isomorphic. Here pr^^ : X x Bun^ X is the projection. So, if E is a Sp2„-/ocaZ 
system and K is a E-Hecke eigensheaf then (t^K is equipped with the structure of a E®£Q-Hecke 
eigensheaf. 
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Proof Let W be the local system on -B(/X2) corresponding to the character ^2^0.}- The 
/i2-torsor £ on X defines a morphism X i?(/i2), and the inverse image of W under this map 
identifies with £q. Consider the stack T-Lq from (|14|. Section 9.2), we have the isomorphisms 
k,k' given by (|14j. Lemma 14). Remind that Hq classifies {x, M,B, M' , B'), where M is in 
the position q with respect to M' at x, and detRr(X,M), B"^^ detRr(X,M'). Let 

(^a,£ '■ ~^ morphism sending the above point to 

{M ®£,B,M' ®£,B'), 

where B = B0det Rr{X, f )" ® det Rr(X, O)-" and B' = B' ® det Rr(X, ^)" (g) det Rr(X, O)-". 
Let 

aa,£ ■■ (Bunc XBunc'Hg) X B{fl2) (Bunc XBuiig'^g') X B{fl2) 

be the morphism sending (x, M, ^, M', ^o) with B^^ k and :^ det RT{X, M) to 

(x, M (g)£,B,M' (g) £, Bo O f^), 

where as above ^ = ^ O det Rr(X, £")" det Rr(X, O)"". 
Our claim follows from the fact that the diagram 

n^; A (B^mc X BuncT^g) x 8(^2) 

?ig A (B^IuG X BuncT^g) X B{fi2) 

is canonically 2-commutative, and K changes under the action of B{fi2) by W. In particular, 
the inverse image of K under the map X x Bun^ — > Bunc, {x,M,B) 1— ?> {M,B (8) ^x) identifies 
with £oMK. □ 

Consider the split group H = GSpin2„^i, it fits into an exact sequence 1 — )• Gm H ^ 
H ^ 1. So, Buni acts naturally on Bun^, and the extension of scalars map : Bun^ — >■ Bun// 
is invariant under this action. Given {£,82) € RCov'', let £0 be the /i2-antiinvariants in (f)\Qi for 
the corresponding covering (j) -.Y ^ X. Let z^i : Bun^ Buni be the extension of scalars map. 
Clearly, uIA£q is equivariant under the above action of Buni on Bun//, so there is a local system 
£o^H on Bun// equipped with an isomorphism z/^fo,// ^ z^^ j4fo over Bun/^. For 7 G 7^i{H) let 
7 € T^i{H) be its image, let Bun^ be the corresponding connected component of Bun/^ and 
similarly for H. Since the fibres of : Bun^ — )• Bun]^ are connected, £"0,// is defined up to a 
unique isomorphism (cf. [l^. Lemma 4.8). 

According to Lemma [TTt the functor ct| on D_(BunG') should correspond via the equivalence 
of Conjecture [U to the tensoring by £"0,// on D(Bun//). 

5.2 Assume n = 1. The first Whittaker coefficients for Bun^ are the functors indexed by the 
points of RCov'^. Given £ with a trivialization £'^^Ox, let 

Ws : D(B^mG) ^ D(Spec k) (40) 
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be the following functor. Let R = S'^ VL, this is a group scheme on X. The stack Buur 
classifies exact sequences ([5]) on X. Let vr : Bunjj Bunc be the map sending ([5]) to (M, 
where B = det Rr(X, if (8)^2) is equipped with the Z/2Z-graded isomorphism ^ det Rr(X, M) 
induced by ([5]). Then ([^0]) is defined as the *-fibre of Four^ z>^[dim. rel(z>j?)] at the identity. 

Proposition 10. For any £ G RCov° there is an isomorphism of functors Wo o it^ — > Ws from 
B{JhmG) to D(SpecA:). 

Proof Let R = Q. and R' = 8"^ ^ Cl. The map ur sends an exact sequence 

O^n^M^Ox^O (41) 

on X to {M,B), where B = detRT{X,n). Then de{M,B) = (M O 8,B'), where B' = B ^ 
det Rr(X, £) O det Rr(X, O)'^ ^ det RT{X, £" O 0) is equipped with ^'^ ^ det Rr(X, M (g) J]). 
So, the diagram is naturally 2-commutative 

Bunn ^ Bun£:2^s^ 

B^nc % B^IuG, 
where vs is the map tensoring the exact sequence ()4ip by □ 

Remark 6. The functors are pairwise non-isomorphic for different points £ S RCov'^. Indeed, 
for the theta-sheaf Aut we have VF'^(Aut) / iff £^0. Given £ G RCov° let K = Aut. 
Then for £' G RCov° we get W£>{K) ^OiS£^£'. 

Appendix A. More about Eisenstein series on Bun^ 

A.l Keep notations of Section 4. Remind the Shatz stratification of Bun^. Let Shatz^ C Bun^j 
be the open substack of semi-stable G-bundles. So, M G Shatz^ iff for any rank one subsheaf 
L C M one has degL < g — 1- For c? > let Shatz'^ C Bunc be the stack classifying 
£ G Bunf^^ ^ and an exact sequence O^£0Q^M^ £^^ — > 0. The map Shatz'^ — ?> Bun^j 
sending this sequence to M is a locally closed immersion. Besides, Shatz'^ for d > form a 
stratification of Bun^ by locally closed substacks. The stack Shatz'^ is irreducible of dimension 
2g — 2 — 2d for d > 0, and dim Shatz^ = dim Bung = 3g — 3. 

Write Bun^ for the connected component of Bun^ given by deg£ = d for {£ ®Vt ^ M) G 
Bun^. The stack Bun^ is smooth irreducible of dimension —2d. 

For d > the image of p'^^^~3 ■ Bun^^^ ^ Bunc is the closure Shatz of Shatz'^. Let 

Shatz'i (resp., ShatzQ) denote the preimage of Shatz'^ (resp., of Shatz ) under Bunc — )• Bung-. 

Let psh '■ Shatz'^ — )• Bun^"*"^"^ be the map sending ([5]) to £. 
For d > we have an isomorphism 

Shatz'^ X B{n2)^ Shatz'i, 
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sending {£,Bo,Bq'^ k) and the exact sequence (l5|) to ([5]) and 13 = ^ detRr(X, £" (g) Q) 
with the induced isomorphism detRr(X, M). For d > and a rank one local system 

E on X let lC{AE,d) denote the intermediate extension of (pg^^AE) M W [dim. S hat z'^] under 
ShatZg — > BmiG- Note that lC{AE,d) lies in Dq:(BunG) (resp., in D=(BunG)) for d even (resp., 
for d odd). For d > the map 

is an isomorphism over Shatzj^. 

Proposition 11. Let E be a rank one local system on X and d > 0. Consider the complex 

pf^'~'^{lCB,w^q*{AE)) (42) 

If E'^ is not trivial then it is canonically isomorphic to IC{AE, d). If E'^^Qi then {^2^ identifies 
with 

®k>olC{AE,d + 2k) 

Proof We know already that 1C{AE, d) appears in (I42p with multiplicity one. Consider a point 
{£(^n ^ M) of Shatz'- for some r > d. Set S = deiKV{X,£ fl), so (M,S) G Shatz-% 
naturally. Let K denote the *-fibre of ()42p at this point. 

The fibre of p^+i~5 over {M,B) identifies with X'^''~'^\ namely to € x^'^~'^^ there corre- 
sponds the subsheaf £ Vl{—D) C M. From Theorem [3] we learn that K = Q unless r — d 
is even, and for r - d even we get K'^(AE)s 'Kr{X^^\{E^'^)^'~^'')[2g - 2 - d - r]. The 
codimension of Shatz"^ in Shatz^ is 2(r — d). If H^(X, E^"^) = 0, we see that the *-restriction of 
()42p is placed in perverse degrees < 0. The first assertion follows. 

li E = Q^n then the same calculation shows that IC(>1Q^, r) appears in (j42p with multiplicity 
one, and the second assertion follows. □ 

A. 2 Assume <? = and n = \. We give some precisions about the functor QL (cf. Conjecture Ej) 
in this case. Write ICc^^ for IC(AQ^,(i) for d > 0. Let also ICg,o = Aut^ for d = 0. From 
Proposition [TT] we get the following. 

Lemma 18. Let d>0. The ^-restriction oflCc,d to Shatz^ vanishes unless r — d is even. The 
^-restriction oflC^d to Shatz^'^'' identifies with {Qe K W)[dim Shatz'^ -2k]. □ 

For d > let Shatzfj C Bun// be the locally closed substack classifying i/-torsors isomorphic 
to the push-forward of 0(1) by |a : Gm — > H, where a is the positive coroot of H. So, the 
corresponding orthogonal vector bundle is 0{d) (B O 0{—d) . For a G Z/2Z this gives the Shatz 
straification of Bun|^ by Shatzfj with a = d mod 2. Write lCH,d for the IC-sheaf of Shatzfj on 

Buuf/. Write Shatz% for the closure of Shatzfj in Bun//. Note that Shatzjj (resp., Shatzjj) is 
the open Shatz stratum in Bun^ (resp., in Bunjj). 

Let X G X. Denote by ^H// : D(Bun//) — > D(Bun//) the Hecke functor corresponding to 
the standard representation of SL2. The surjective homomorphism GL2 — )• H gives a 
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morphism of extension of scalars Bun2 — )• Bun// . Taking the inverse images of these sheaves on 
Bun2 and applying Hecke functors for GL2, one easily proves the following (the details are left 
to a reader) . 

Proposition 12. 1) For any c? > one has -^Q^ [dim S'/iatz^] over Shatz'jj. 

2) One has canonically 

,Hh(IC/,,i)^IC//,o[1]+IC/,,o[-1] and ,H/,(IC/,,o)^ IC//,i[l] + ICh,i[-1] 

3) Let d > 2. Then one has canonically 

Corollary 6. Assume g = and n = 1. The functor QL given by QL{lCH,d) = ICcd for 
d > extends uniquely to an equivalence of the category of pure complexes of weight zero on 
Bunff with the full subcategory o/D_(BunG) of pure complexes of weight zero. This functor is 
compatible with 'L/2'L- grading s and commutes with the action o/Rep(SL2) on both sides. 

The example of (7 = shows that it is natural to expect that QL is exact for the perverse 
t-structures for any g and n. 
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